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1. Bivariate Granger Causality

Employment Rate Stock Price



1.1 Autoregressive Representation

Given two stochastic processes 𝑋𝑡 and 𝑌𝑡, assume they are jointly stationary.

Jointly stationary properties:

1. 𝑬(𝑿𝒕) and 𝐄(𝒀𝒕) does not depend on t

2. ∀ 𝒕, 𝒔, ∃ 𝒄𝒐𝒗 𝒙𝒕, 𝒙𝒕+𝒔 depends on s but not on t
var(𝜀2𝑡) = Σ2

var(𝜂2𝑡) = 𝛤2

Where noise terms are uncorrelated over time and their contemporaneous covariance matrix is 

, and 𝛾2 = cov(𝜀2𝑡, 𝜂2𝑡)



1.2 Time Domain Causality

Intuitions behind the definition of causality

1. When |Σ1| ≥ Σ2 , this measure is non-negative

2. This measure is invariant w.r.t scaling of X and Y

3. If 𝐹𝑌→𝑋= 0, Σ1 = Σ2, implies 𝑏2𝑗 = 0, that states Y 

does not cause X. 

Unidirectional Causality from 𝑌𝑡 and Xt: 𝑭𝒀→𝑿= 𝒍𝒏
Σ𝟏

Σ𝟐

, and 𝛾2 = cov(𝜀2𝑡, 𝜂2𝑡)

Granger’s Definition on Causal Influence:

If Σ𝟐is less than Σ𝟏 in some suitable statistical sense, then 𝒀𝒕 is said to have a casual influence on 𝑿𝒕



𝑭𝑿,𝒀 = 𝒍𝒏
Σ𝟏𝜞𝟏

|Σ|

𝐹𝑋,𝑌 = 0 when X and Y are independent 

𝐹𝑋,𝑌 > 0 when X and Y are not independent 

1.2 Time Domain Causality

, and 𝛾2 = cov(𝜀2𝑡, 𝜂2𝑡)

𝐅𝐘→𝐗= 𝐥𝐧
Σ𝟏

Σ𝟐
& 𝐅𝐗→𝐘 = 𝐥𝐧

𝚪𝟏

𝚪𝟐

FY→X = 0 when there is no causal influence from Y to X

FY→X > 0 when there is causal influence from Y to X

𝑭𝑿∙𝒀 = 𝒍𝒏
Σ𝟐𝜞𝟐

|Σ|

FY∙X = 0 when there is no instantaneous causality from Y to X

FY∙X > 0 when there is instantaneous from Y to X

Interdependence 

Causality

Unidirectional  

Causality

Instantaneous 

Causality

𝑭𝑿,𝒀 = 𝐅𝐘→𝐗+ 𝐅𝐗→𝒀+ 𝑭𝑿∙𝒀

Interdependence 

Causality

Unidirectional  

Causality

Instantaneous 

Causality



1.3 Example

Consider the following AR(2) model:

𝑋𝑡 = 𝑎1 ∗ 𝑋𝑡−1 − a2 ∗ 𝑋𝑡−2 + 𝜀𝑡
𝑋𝑡 = 𝑎3 ∗ 𝑋𝑡−1 − a4 ∗ 𝑋𝑡−2 + 𝑏1 ∗ 𝑌𝑡−1 − b2 ∗ 𝑌𝑡−2 + 𝜂𝑡
If 𝜀𝑡~𝑁 0,1 , 𝜂𝑡~𝑁(0 , 0.7), does 𝑋𝑡 has a causal influence on 𝑌𝑡?



1.3 Example

Consider the following AR(2) model:

𝑋𝑡 = 𝑎1 ∗ 𝑋𝑡−1 − a2 ∗ 𝑋𝑡−2 + 𝜀𝑡
𝑋𝑡 = 𝑎3 ∗ 𝑋𝑡−1 − a4 ∗ 𝑋𝑡−2 + 𝑏1 ∗ 𝑌𝑡−1 − b2 ∗ 𝑌𝑡−2 + 𝜂𝑡
If 𝜀𝑡~𝑁 0,1 , 𝜂𝑡~𝑁(0 , 0.7), does 𝑋𝑡 has a causal influence on 𝑌𝑡?

𝑋𝑡 has a causal influence on 𝑌𝑡 .

Since FX→Y = ln
𝑣𝑎𝑟(𝜀𝑡)

𝑉𝑎𝑟(𝜂𝑡)
= 𝑙𝑛

1

0.7
> 𝟎



1.4 Frequency Domain Formulation

Employment Rate Stock Price

Does the employment rate causes stock price weekly/monthly/annually?



1.4 Frequency Domain Formulation

• Three properties on frequency domain formulation:

1. 𝑓𝑌→𝑋 𝜔 ≥ 0

2.

3.



1.5 Fourier Transforming on the Lag Operator

Rewrite AR expression in 

terms of  lag operator L, 

where L satisfies 𝐿X𝑡 = 𝑋𝑡−1

Perform Fourier transforming 

on both sides 

Recasting

Coefficient Matrix A(𝜔)Transfer Matrix H 𝜔 = 𝐴−1(𝜔)



1.6 Interdependence Spectral Domain Causality

𝑆 𝜔 = 𝐻 𝜔 Σ𝐻∗ 𝜔 = (
𝑆𝑋𝑋 𝜔 𝑆𝑋𝑌 𝜔

𝑆𝑌𝑋 𝜔 𝑆𝑌𝑌 𝜔
)

Interdependence Causality:

Define spectral matrix for transfer function:

where * denotes complex conjugate and matrix transpose 

If 𝑋𝑡 and 𝑌𝑡 are independent, 

𝑆𝑋𝑌 𝜔 and 𝑆𝑌𝑋 𝜔 are zero;

𝑓𝑋,𝑌 𝜔 = 0



1.7 Unidirectional Frequency Domain Causality 

“Intrinsic Term”: 

Noise Term drives 

the 𝑋𝑡 time series

“Causal Term”: 

Noise Term drives 

the 𝑌𝑡 time series

𝜸𝟐 = 0 means there is no instantaneous causality between 𝑿𝒕 and 𝒀𝒕

How to remove the cross term when 𝜸𝟐 is not zero? 

Total power of 

𝑋𝑡 time series



1.8 Spectral Normalization: Y→ X Case

Result after Fourier Transforming

Left–multiplying the 

normalization matrix P
1 0

−
𝛾2

Σ2
1

where

𝛾2
Σ2

𝐸𝑥(𝜔)

Unidirectional Causality:

Instantaneous Causality:

where



Example 

𝜀𝑡~𝑁 0,1 , 𝜂𝑡~𝑁 0 , 0.7 , 𝑐𝑜𝑣(𝜀𝑡, 𝜂𝑡) = 0.4



2.1 Trivariate Granger Causality



Example 1



2.2 Conditional Granger Causality

Granger Causality from 𝒀𝒕

to 𝑿𝒕 conditional on 𝒁𝒕:
Σ𝑝𝑎𝑖𝑟 =

Σ3 𝛾3
𝛾3 𝛤3



2.3 Frequency Domain Formulation

with normalization matrix P = 𝑃2 ∗ 𝑃1, where  

and 

After Fourier Transforming 

and recasting



2.3 Frequency Domain Formulation: 𝑌 → 𝑋|𝑍 Case

Useful Property: Error terms for X and Z



Example 2



Thank you!


