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1.1 Autoregressive Representation
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Given two stochastic processes X; and Y;, assume they are jointly stationary.

Xt == i_alet_j + €14, VELI‘(EH) = El. (1)
J:

Y, = idu}/}—j + e, var(mye) =I. (2)
j:

X = ilﬂszt—j + i bajYi—j + €2, var(ey) = X, (3)
j= j=

Y, = i Co; Xi—j + i do;Yi—j 4 e, Var(nze) =15 (4)
=1 j=1

|

/Jointly stationary properties: N

1. E(X,;)and E(Y,;) does not depend ont

\2. vV t, s, 3 cov(x,, X s) depends on s but not on D

Where noise terms are uncorrelated over time and their contemporaneous covariance matrix is

5 _ Yo Yo
T, T2 ) ,andy, = cov(ey, N2t)



1.2 Time Domain Causality &) (1)) TBSI Lromxamnrr

/Granger’s Definition on Causal Influence:

If X,is less than X4 in some suitable statistical sense, then Y, is said to have a casual influence on X,

N
g r X, = ay,Xoy + e, var(en) =% (1)
Unidirectional Causality from ¥, and X;: Fy_x= Ing’ } ¢ & Bt T e TERE) = S
- 2
Y; = Z djYi—j +me, var(m.) =T (2)
Intuitions behind the definition of causality =
JYE = Z H--_;_,'Xg_j + E bgj}'E_j + €94, var(e,,) =E, (3}
1.  When [Z;]| = |Z,], this measure is non-negative §=1 i=1
Yi=D) e Xo i+ dojY, ;4 1o, varn)=1; (4)
2.  This measure is invariant w.r.t scaling of X and Y i=1 i=1
3. If F,x=0,Z; =%, implies b,; = 0, that states Y

5 _ Yo Yo
\r, T, ) and y, = cov(&zt, N2t)
\ does not cause X. /




1.2 Time Domain Causality &) () TBSI 1Ltz uznze

xy = - —
= Fxy =Fx+ Fxoy+ Fxy
Interdependence ‘ \ Y J l
Causality Fxy = 0 when X and Y are independent o
Interdependence Unidirectional  Instantaneous
\FX,Y > 0 when X and Y are not independent j Causality Causality Causality
/FY—>X: lng—: & Fxy = ln% \ X = ; ay; Xi—j + €1, var(ey) = Y. (1)
Unidirectional vy - )
Causality Fy_x = 0 when there is no causal influence from Y to X ¢ ; 15Yt-j + e, var(me) =T 2)
\FY—)X > 0 when there is causal influence from Y to X j Xe=D a5 Xej+ ) baYij+ €, var(e,) = I, (3)
i=1 1=1
K Xor; \ Y, = Z [.'QJ'X;__; + Z (l;-_gji”[__.j + N2t var(ny,) = I (—l}
Fyy= an j=1 j=1
Instantaneous o _ 5 Yy Ty
Causality Fy.x = 0 when there is no instantaneous causality from Y to X = T, T, ) and Yy = COV( €2¢) 772t)

\Fy.x > 0 when there is instantaneous from Y to X j
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1.3 Example () TBSI

Consider the following AR(2) model:

Xe=a1*Xp g —a*xXp p + &

Xe=a3 *Xp g —ag*Xe o+ by #Ye g —by*Yep+my

If e,.~N(0,1),n,~N(0,0.7), does X; has a causal influence on Y,?
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1.3 Example @)() TBSI

Consider the following AR(2) model:

Xe=ag *Xpqg —ar* X p + &

Xe=a3 *Xp g —ag*Xe o+ by #Ye g —by*Yep+my

If e,.~N(0,1),n,~N(0,0.7), does X; has a causal influence on Y,?

X; has a causal influence on Y;.

var(e) _ 1 g

Since Fy_,yv = In T —



1.4 Frequency Domain Formulation D) () TBSI & knunnze

77

Employment Rate Stock Price

Does the employment rate causes stock price weekly/monthly/annually?



1.4 Frequency Domain Formulation ©)(() TBSI r-sxumaze

* Three properties on frequency domain formulation:

1. fY—>X((U) = 0

b
| .
2- o / f}’—:rX(w}dw = Fy_.x
27T .
—

3. Fy .y =0 frox(w) =0Vo.



1.5 Fourier Transforming on the Lag Operator
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\

i=1

j _
ZCQ Xt 3+Zd23}/t j_'_n?t

J=1

=1

j=1

X = Zﬂ»szt—j + szjyt—j + €2,

~

%

Rewrite AR expression in
terms of lag operator L,
where L satisfies LX; =

I ——

Transfer Matrix H(w) = A Y (w) \

(X(w)) ) (Hﬂfm nym) (Ezw)
Y(w) Hy:(w) Hy(w) ) \ Ey(w)
1 1
me("u) = detg’!’_\_d:!(w)i Hx‘y({"’) = _d.et-:%_bZ{w)?
1 1
Hyp(w) = — co(w), Hyy(w)= az(w).
\ v detA vy detA /

Recasting

Xt—1

) TBSI ¢

N

GQ(L)
CQ(L)

b2(L)
dy(L)

Xy
Y;

€2t

T2t

J

Perform Fourier transforming
on both sides

oefficient Matrix A(w)

[ coeme

az(w)  ba(w) ) [ X(w)) _ [ Ealw)

ca(w)  do(w) ) \ Y(w) Ey(w)
(1.2(0.;') =1- iazje wj — ij:l sze_iwj?
!g(w) = —icgje—iwj? dy(w) =1 — idgje_irj

W 3




1.6 Interdependence Spectral Domain Causality TBSI
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D) — W) — b (Interde endence Causality: A
Hop(w) = o), Hopy(w) = ————by(w), P 5 e 3(/ |
1 1 . ,
H,(w)=— ca(w), H,(w)= as(w). o zr i\ P yy w
v detA W detA v(w) =1In
\ J fxr () S(w)
Define spectral matrix for transfer function: \ N /

S(w) = H(w)XH"(w) = (?;;(EZB ?;:Eg) If X, and Y, are independent,

: : Sxy(w) and Syx(w) are zero;
where * denotes complex conjugate and matrix transpose xy (@) vx(@)

Xo =3 as;Xee; + 3 bay Yoo, + €2, var(es) = 5, fxy(w) =0
i=1 J=1 '

Yy =2 e X + 3 doYej 4 o, Va0 =1

=1 =1

Yo T

Yy =
\ (TE x ) yand y, = cov(eze, Nze) J




1.7 Unidirectional Frequency Domain Causality ©) () TBSI rr:bxannre

Total power of

X; time series
I—A—\

S:r:r(”-") — H:c:r (LU)ZEH;I(”-") T QTERE(HEI(M)H;y(w)) + Hry(w)FEH;y(w)
— —
“Intrinsic Term”: “Causal Term’:
Noise Term drives Noise Term drives
the X, time series the Y; time series

¥2 = 0 means there is no instantaneous causality between X; and Y,

How to remove the cross term when y IS not zero?
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Result after Fourier Transforming fi(w) = (ﬁm(w) ﬁry(w)) 1 ( d(w) bz(w))
Hu(w) Hy(w)) detA\ —gw)  aw)
(ag(w) bg(w)) (X(w)) ) (E(w)) ’ 2
alw) Bl Y@ ) B Hor) = Honlo) 5 Ha), Hn0) = Ho),
Left—m.ultlplymg th_e () = Hyp(w) +% Ho(w), Hyy(w) = H,,(w).
normalization matrix P :
1 0 2
(_ g_z 1) Spa(w) = Hpp(w)EoHY (W) + Hyy(w)T2H: (w)  Where T =T, — g—j
2
(@m bg(w)) ( X(w)) ( Em(w)) f Unidirectional Causality:\
c3(w) dy(w) ) \ Y(w) Ey(w) frox(@) = In —2=(@) Instantaneous Causality:
T2 HIZ(M)ZZH_:SI(W) ~ _ A A
where c;3(w) = eo(w) — Z—az(w) Fon () = In o@Dt (@) (Hyy oy, (@)
2 Sy e Sw)
T fx—y(w)=In——- (wﬁ)* —
dg(l...d) = dg(u)) — Z—bg(w‘) Hyy(w)FQHyy(w)
’ where Hyy(w) =H,,(v) + T—ij(w)

~ 14 r
Ey (w) - Ey (LL-J) _2_2 Ex ((l)) K transformation matrix as (1 TE/FE) /
0 1
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Consider the following AR(2) model:

Xt = O.QXt_l — O*SXt_Q + €
Y; = 0.8}/;_1 — 0.51’;_2 + 0.16Xt_1 — U.?Xt_g + e

&~N(0,1),n,~N(0,0.7),cov(e;,n:) =0.4
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Fig. 2. Simulation results for an AR(2) model consisting of two coupled time series.
Power (black for X, gray for V') spectra, interdependence spectrum (related to the
coherence spectrum), and Granger causality spectra are displayed. Note that the
total causality spectrum, representing the sum of directional causalities and the
instantaneous causality, is nearly identical to the interdependence spectrum.



2.1 Trivariate Granger Causality @)(D) TBSI .- Bz
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™ Y

(a) ()

Fig. 1. Two distinct patterns of connectivity among three time series. A palrwise
causality analysis cannot distinguish these two patterns.
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X3 V=X
0.1 ’ ’ ’ ’ 0.01 v
0.05 0.005f----- T RIEETEETRPPETRREPRY
ﬂ i i i i {] i A A A
0 20 40 50 80 100 0 20 40 60 80 100
Xy total causality

fYt — [].8}(3_]_ - []GXI‘—Q _|_ []_lzf—l + €t N , . . . ..
T =09Y,_; — 0.8Yi_o + & o 0

0 20 40 60 80 100 0 20 40 60 80 100
Zt — DSZf_]_ — []2Zt_2 + []3}/}_1 + Tt .




2.2 Conditional Granger Causality @ () TBSI -t 1oz
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Xe=D> ag;Xoj+ ) b3 Zy_j+es (G ranger Causality from Yt\

j=1 j=1

Zi =3 c3iXe i+ dsjZe_j + Y3 to X; conditional on Z;:

=1 j=1 J )
3
Fy_xiz=In.

. _ B )

o oo 20
ta s
Xo=2 ayXej+3 byYioj+ ) caiZij+ eu.
j=1 j=1

j=1
N . . (Y Yay N
Y: = dy: X + €q:Yi_i + 1ili_i + Nat, - _
t ; Gt ; jit—j jglgj t—j Jat - 24— Zy:ﬂ Zyy Ey;
))

oo o0 00
Zt = Z 'H-4th_j -+ Z 'l?4j}/;_j -+ Z 'HT4j Zt—j + “Vat

j=1 j=1 j=1 -
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2.3 Frequency Domain Formulation

Xe=Y ag;Xe j+ > b3 Zyj+ean , _ _ After Fourier Transforming
= i (A(w)) _ (Gﬂ(w') Gz (W) ) (X“ w )/ and recasting
il T Z*(
ZCBJ X 3+Zd332t —j T V3t )

j’ 1 J

@ = Z (L4j){t_j + Z b4j /},_j -+ Z C4jZE_j -+ ED ]
j=1 j=1 j=1
- - - X(w) Hyp(w) Hyy(w) Hpo(w) | [ Ex(w)
}r: d 'z‘{_‘—i_ > '}/F_‘—f— Z_‘l_ g - i _ )
f Jrzzjl v ;64; - ;943 e Y(w) | = [ Hp(w) Hylw) Hy(w) Ey(w)
_ _ _ Z(w) H.,(w) Hy(w) H.(w)]\E.(w)
Z Z {43X¢_j + Z 'l-’4j}’:g_j -+ Z Wy, Zt_j + Va4t
with normalization matrix P = P, * P;, where
1 0 0 1 0 0
_ -1 - — | ¢ : :
Pr=| 2,2 1 0 and P,=|o0 1 0
—>..3-1 0 1 0 —(Bay — LoaXpy Tay) By — e Xy Xry) ™+ 1

—zrHpy



/Useful Property:

ty_xiz(w) =ty

/ Error terms for X and Z

=

Ze—x+(w).

-1y N ¢ Il :I
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(@) () 0 Cal@)) (Hal) Hal) Haelw)) [ Faw)
(X(““"))_(C”(”“'J ”(““J (A*(”) Yw) [=] o 1 o0 Hy(w) Hy(w) Hyw) || Eyw)
2@y ) \Cule) Gule) JAZW) 2w) ) \Culw) 0 Cuw)) \Haw) Hyw) Haw) )| Ew

X (w) Ho(w) Hyy(w) Hy(w) (W) - [ Q) Quy(w)  Qu:(w) Ex(w')J
Vi) | = | Hpw) Hylw) Hy(w) () =| QW) Quw) Quw) || E,w) . (42)

20 o) Haw #How )\ Ew) | Qurle) Q) Q@) ) \ Fulw)

Spear (W) = Quz(w )“"’II(QIT( )+ Quy(w )Zny (W )—I—QM[M)EMQ;Z[M).
fyz+_x+(w) =1n [Saa () | E—) fy_x1z(w) =1n ,23 -
|Qu () e Qi ()] Qe ()2 Q3 ()]
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® AN ! N X, =08X, 1 —05X, o+047Z,_ 1 +0.2Y, 5+ ¢
7 =09Y,_; — 08Y, o + &
Zt == 032f_1 — []2Zt—2 —|_ []3};_1 —|_ 'f;r'f_.

X —y Y — X 3
0.6 :
T R TR Ty
02 ___________________________________
D . . H . . H N
(0] 20 40 60 80 100 (0] 20 40 60 80 100
zZ—y
0.6
T e T
0.2 ____________________________________
N N L N D - - - -
0 20 40 60 80 100 0 20 40 60 80 100
X —>7Z Z—=>X
0.6 :
04""‘ ....................................
02 --------------------------------- 0 L L L — ——
0 : 0 20 40 B0 a0 100
O 20 40 60 80 100 100 frequency (Hz)

(b)



R e (IO S |
Tsinghua-Berkeley Shenzhen Institute

Thank you!




