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Optimal Transport
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Optimal Transport

* Probabilistic definition
L= argminffﬂ(m,y)c(m,y)dmdy

a r 1y

* Optimal Transport Divergence

OT (P||Q) = inf fx (@) e(e,)dady

T

 K-Wasserstein distance

Wi (P, Q) = inff 7 (z,y) ||z — y||2d:t:dy
T JXxY

* In this paper

OT(@. )2 min [ clay)dr(a.y)
T o, «

c(z,y) = dx(z,y)?

W, (o, 3) 2 OT(a, B)/P



Related work

* Discrepancy: Ben-David et al, 2007, Mansour et al., 2009.
* Fisher information metric: Achille et al, 2019,
* Kolmogorov Structure Function: Achille et al., 2018.

* Optimal Transport: Delon & Desolneux, 2019 Dukler et al., 2019, Alvarez- Melis et
al, 2018.



Contribution

* Model agnostic
* Does not involve training

* (Can compare datasets even If datasets are completely disjoint



Method

Definitions

predictors f : X — ) (or conditional distributions P(y |
x)), we define a dataset D as a set of feature-label pairs
(z,y) € X x ) over a certain feature space X" and label set
Y. For simplicity, we will use z £ (z,y) to denote these
pairs, and Z = X x ) for their underlying space.

Dy = {(xfi)ayfi)) — ™ PA(:L‘,y)

Dp = {(z3),y5)}7y ~ Pp(z,y)

d(DA,,DB) ?



Method

* Intuitively, we can define the distance as

dz(z,7) = (dx(z,2")P + dy(y,y)?) """

* We can use the relationship to feature vectors

Feature Space

to define dy: Di D Dy Dy
Np(y) :=={z € X| (I-y) € D}
d(y 'U ( Z x, ,. Z T) E
Y 2eND(y) "y zeND(y') §

* Only measuring the mean is too simplistic for
real dataset, thus consider:

dz((l’,y), (:L‘/,y’)) = (dX(ma-Tf'/)p-f-WZ(ayaOéy’));

dor(Da,DPp) = min / dz(z,2")m(z,2")
ZXZ

OT (feats. only) OTDD OT (feats. only) OTDD

The importance of considering labels

rell(a,B)



Method

* How to describe a,? Gaussian distribution.

Aé_ZxAé_Z(wﬂy (z—fiy)

meND(y) .-"L‘END(y)

b=

W3 (@, B) = [ta—pup|3+tr(SAT—2(285,52) )

Ldbel-to-ldbel distance Samples and Optimal Coupling 7* Optimal Coupling 7*
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Experiments

* Datasets
Dataset  Input Dimension =~ Number of Classes ~ Train Examples  Test Examples Source
USPS 16 x 16™ 10 7291 2007 (Hull, 1994)
MNIST 28 X 28 10 60K 10K (LeCun et al., 2010)
EMNIST (letters) 28 X 28 26 145K 10K (Cohen et al., 2017)
KMNIST 28 X 28 10 60K 10K (Clanuwat et al., 2018)
FASHION-MNIST 28 x 28 10 60K 10K (Xiao et al., 2017)
TINY-IMAGENET 64 x 64% 200 100K 10K (Deng et al., 2009)
CIFAR-10 32 x 32 10 50K 10K (Krizhevsky & Hinton, 2009)
AG-NEWS 7687 4 120K 7.6K (Zhang et al., 2015)
DBPEDIA 7687 14 560K 70K (Zhang et al., 2015)
YELPREVIEW (Polarity) 7687 2 560K 38K (Zhang et al., 2015)
YELPREVIEW (Full Scale) 7687 5 650K 50K (Zhang et al., 2015)
AMAZONREVIEW (Polarity) 7687 2 3.6M 400K (Zhang et al., 2015)
AMAZONREVIEW (Full Scale) 7687 5 3M 650K (Zhang et al., 2015)
YAHOO ANSWERS 7687 10 1.4M 60K (Zhang et al., 2015)
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Experiments

* Dataset Selection for Transfer Learning

Optimal Coupling (¢ = 0.0001)
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Experiments

* Dataset Selection for Transfer Learning

error(Dg — Dr) — error(Dr)
error(Dr)

T(DS%DT) = 100 x

Distance vs Adaptation: *NIST Datasets
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Experiments

* Distance-Driven Data Augmentation

Distance vs Adaptation: MNIST+aug.—USPS
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CIFAR-10 Validation Accuracy

Distance vs Adaptation: ImageNet— CIFAR-10
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Experiments

* Transfer Learning for Text Classification

Relative Drop in Test Error (%)

Distance vs Adaptation: Text Classification
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Discussion

* This paper proposes a distance metric based on Optimal Transport to measure the

distance between two datasets considering both point-to-point and label-to-label
correspondences.

* They did not show the experimental comparisons with other metrics, e.g. KL
divergence, and we want to know whether this metric has better consistency to
reveal transferability than other methods.



