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Today's Lecture

Supervised Learning (Part I1)
» Discriminative & Generative Models

» Gaussian Discriminant Analysis

» Naive Bayes
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Discriminative & Generative Models




Two Learning Approaches
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Discriminative Learning Algorithms .\ o ® °
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A class of learning algorithms that try to learn the e °,
conditional probability p(y|x) directly or learn .. ® .\ LA
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mappings directly from X to ). I el o’ o0
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» e.g. linear regression, logistic regression, k-Nearest Neighbors ...
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» Equivalently, generative algorithms model p(x|y) and p(y)n
> p(y) is called the class prior

P class pre 2 | |
> Learned models are transformed to p(y|x) later to classify data using
Bayes' rule 7

Bayes Rule

The posterior distribution on y given x:
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Bayes Rule

The posterior distribution on y given x:

p(ylx) = p(xly)p(y)

=2 e

Make predictions in a generative model:

(xly)p(y)
argmax p(y|x) = argmax m
= argmax p(x|y)p(y)
| | .
A
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Generative Models

Generative classification algorithms:
» Continuous input: Gaussian Discriminant Analysis

> Izi’sE[et/ei_rlgut: Naive Bayes
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Gaussian Discriminant Analysis
disnminant
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Gaussian Discriminant Analysis: Overview
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Binary classification with input in X = R” and label in ) = {0,1}

PLY) — Biaary
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1. Select a data generating distribution .

Main steps

y ~ Bernoulli(¢)

n ~ Dernouling) V\ZU
0 MDD

4
2. Estimate model parameter€ gyé,)ug ,u1 and X from training data.
$» Ho fa and £

3. For any new sample X, predict its label by computing
p(ylx =X ¢, juo, p1, )
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Multivariate Normal Distribution

Multivariate normal (or multivariate Gaussian) distribution N(y,X)
» 1 € R" is the mean vector,

> ¥ € R™" is the covariance matrix. ¥ is symmetric and SPD.
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Density function: i dafinite.
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Multivariate Normal Distribution

Let X € R” be a random vector. If X ~ N(u, X),

E[X] = /?LP(X: p, X)dx = i

Cov(X) = E [(X - E[X))(X ~ E[X])"] = X
— ’*




Gaussian Discriminative Analysis

N(p, 1)

Isotropic Gaussian Distribution

Diagonal entries of ¥ controls the “spread” of the distribution



Gaussian Discriminative Analysis
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The distribution is no longer oriented along the axes when off-diagonal
entries of ¥ are non-zero.



Gaussian Discriminant Analysis (GDA) Model

Given parameters ¢, 1o, (11, 2,

(y » Bernoulli(¢)
Xly =0~ N(po,X)

Ay =1~ N1, %)
welpt o

Probability density functions:

py) = (1 —¢)' ™
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Log likelihood of the data: PLRY S Bopa L)
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Log likelihood of the data:
/((ba Mo, K1, Z) = |Og H p()gi)ay(i); d)a Ho, 11, Z)
i=1

= log [ [ p(X?1y7; a0, p11, £)p(7; )
i1



Log likelihood of the data:
/(¢a Mo, K1, z) = |Og H p()gi)ay(i); d)a Ho, 11, Z)
i=1

m
= log [ [ PCXV1A; pao, 11, £)p(A7; ¢)
i=1
Maximum likelihood estimate of the parameters:
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X7, 10 = b
ST = b
Y = l Z(X(i) _ Mw>)(><(i) _ Ny(f))T
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for b=0,1



Maximum likelihood estimation of GDA

GDA finds a linear decision boundary at which
ply =1|x) = p(y = 0|x) = 0.5
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GDA and Logistic Regression {HCIESE YM;,V_)
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GDA and Logistic Regression
LOA \;) o 9’1"30‘6\[ 7Lwr»m 7‘ [o?u*f.?_ /e;rc»)(_aw

(y = 1|x; @, 1o, i1, X) can be written in the form:
1 1/ =
[ ] P(y: 1|X; ¢azuu’0uu'1) 1 ,gT 9 f
—_— + e X 9
wt| H
8,.116<
nil X1 -
o] -
= =1
%)~ B0dT o — T ) —leg 12T | f T
‘R 1

p(y=lxsm)= PielY=1H) Py M)
pee) A PCx|Y=l; 1) PLI= =13R) + POx|y=o3H) PLY=9514)

|t Lpopelyie - T TZ/A 2 3
L,__\/\“"

@Ié/?y\' BLGR

—

—


yang (李阳)


GDA and Logistic Regression

p(y = 1|x; &, po, 41, £) can be written in the form:

1
ply = 1[x; ¢, X, po, 1) = [P
X1
9:[01]:[ T (1 — po) . } we |
b2] (g Mpo — p{ T ) —log 15207 |
1

Similarly, ~ o5 ohic
1
p(.y = O|X’ ¢7 Z7 Ho, IU/I) = —TX
14 € pedy) ~ NG 5.
If p(xly) ~ N(u, %), p(y|x) is a logistic function.
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GDA and Logistic Regression

GDA
> Maximizes the joint likelihood [, p(x(?), y{7)
» Modeling assumptions:ﬁ/y:_bwb_,;), y ~ Bernoulli(¢)

» When modeling assumptions are correct, GDA is asymptotically
efficient and data efficient
2rhicien

Logistic Regression
> Maximizes the conditional likelihood 7, p(yA)|x())
» Modeling assumptions: p(y|x) is a logistic function; no restriction on

p()
» More robust and less sensitive to incorrect modeling assumptions.

—_—



Naive Bayes



Naive Bayes: Motivationg Example

A simple generative learning algorithm for discrete input variables

Example: Spam filter (document classification)

Classify email messages x to spam (y = 1) and non-spam (y = 0) classes.

Hello pmmm

We need to confirm your info...

(1) FINAL MESSAGE: Payout Verification - $3000 PAYOUT is ready to be addressed in your
Name and we want to be sure it gets to the right place. Click below to start the confirmation
process. The sooner you act, the sooner it can be in your hands!

Raging Bull Casino

—_—

A sample spam email
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Example: Spam Filter

Binary text features

Given a dictionary of size n, represent a
message composed of dictionary words as
x e {0,1}™

1 i-th dictionary word is in message
X; —
' 0 otherwise
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Naive Bayes Model @ IJ' Pexd)
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Probability of observing email xg, ..., x, given spam class y :

|V) = P(Xlly)p(X2lx,>g), e POXlYs X1y Xno1)
)’5~ DT
y- I g:t;h";i‘
Naive Bayes (NB) assumption KC_X&/P?X} Y T me

x;'s are conditionally mdeperj_dent given y:

s =y
\ Lu%t of e Plxily.xas - xie1) = plxily) \ ‘/\\)
Y-y\ e q,cd»/\ X"‘- )él,

0 any)=p(xlly)p(ley)---p(XnIy)=W
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Naive Bayes Parameters

Multi-variate Bernoulli event model

x|y generated from n independent Bernoulli trials

p(xy) = p(y)p(xly) = Hp xily)

>y~ Bernou//igqﬁig? . assume email class (spam vs no-spam) is
randomly generated with prior p(y) = ¢(1 — qﬁy)l@

> xily = b ~ Bernoull( Bily—=b), b =0,1: given y = b, each word Xx; is
included in the message independently with —

pxi =1ly = b) = dyy—p. i.e.
P(jft b) = @:b(l - ¢;|y=b)1@

Model parameters:
> ?iy e R et
> Pily=1, Pily=0 for i=1,....n

nak".\’lmn’\
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Naive Bayes Parameter Learning

Likelihood of i.i.d. training data (XD DY (M) yAm)Y:
L(y, Biiy=0, bjy=1) = [ [ (L7, A7)
=1

Maximum likelihood estimation of parameters:

3

1 m ) ] ,) R
¢, = EZI{W =1} % of spam emails . 4 I

— 1 I

_ 221 l{Xj('i) = 1,y(i) = b}
Y=b = TSm0 = b)

% of spam(non-spam) emails containing jth dictionary word
) ey

"

for b=1,0




Naive Bayes Prediction

Given new example with feature x, compute the posterior probability

pixly=1)ply=1
Ay=109 = PR
_ P_(_|.L1 )ply =1)
~ p(xly =1)p(y = 1) +/p(xly = 0)p(y = 0)
_aive boyes ¢ TTE, pOxly = 1)ply = 1)
1 Ty pOxly = 1)p(y = 1) + T2, p(xily = 0)p(y = 0)

— b parmael
Choose label y =1 (spam) if p(y = 1|x) >@Nhere Tel0,1]isa
threshold .. e.g. T=0.5 -
T tradeoff between wrongly blocked non-spam (FPs) vs. wrongly blocked
spams (FNs).




Laplace smoothing

Issue with Naive Bayes prediction:

» Suppose word X hasn't been seen in the training data,
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Laplace smoothing

Issue with Naive Bayes prediction:

» Suppose word x; hasn't been seen in the training data,
Djly=1 = Pjly=0 =0

» Can not compute class posterior p(y = 1|x) =

olo

\



Laplace smoothing

Issue with Naive Bayes prediction:
» Suppose word x; hasn't been seen in the training data,
Djly=1 = Pjly=0 =0
> Can not compute class posterior p(y = 1|x) = 3.

Laplace smoothing

Let ze€ {1,..., k} be a multinomial random variable.
independent observationsél) ... 2™ maximum ljkelihood estim
¢; = p(z = j) with Laplace smoothing is

> ¢)j 7é 0 for a”_] Cl«ack M

i({ﬁ%g)m =1




Naive Bayes with Laplace smoothing

Apply Laplace smoothing to ¢;,— for b € {0,1}

S = 1,0 = by H1)
Pegly) @ STy = b} +2

In practice we don't apply Laplace smoothing to ¢, = p(y = 1), which is
greater than 0. m




Naive Bayes Summary

Naive Bayes (NB) assumption
x;'s are conditionally independent given y:

n

p(x, -, xaly) = Haly)pOely) - - p(xaly) = pr,ly
=1

Different event models:
» Multi-variate Bernoulli model: represent a document of dictionary
size n as n independent Bernoulli trails.
» Multinomial event model: represent document of n words as
x={x1,...,xn} where x; = {1,..., K} and Kis the dictionary size

(optional)
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Naive Bayes and Multinomial Event Model

Alternative text representation

> x; € {1,..., K} where K is the diction ize .
- — S
> Represent email of n words as x = {xi, .. .,)@%‘ anajfﬂ* of tha me>o

"a free gift.." — {x1 =1,x = 1300, x3 = 2433,...}
bl -1

dictionary id | 1| 2 | .. | 1300 | ... | 2433 | ...
word |afaa|. .| free |...| gift |...

1
i
2443




Naive Bayes and Multinomial Event Model

&« >
M“wﬂamiﬁ‘ v F(x\;\goo\JJL) = WX;‘—ISO°]J:*I’)
¢
“b.
Multinomial event model 'Bw\‘i e sift. rea mwj
» first sampling y € {0, 1} from p(y) i= iz '

y ~ Bernoulli(¢,) 1, pe ¢ oumater

» Select x1,xp, . .., X, independently from the same Multinomial
distribution p(x;|y)

x,-|y— b ~ Multinomial(¢1),—p, - ..,gi)K‘y_b) b=0,1
_pmatals
CPuy=p =P = Kly = Byfor all j € {1,..., n} 2k A7

For any word k in the dictionary, ¢y, is the probability of k appear
in an email given email class y

> Joint probability: p(x1, ..., y) = p(y) [T7-; P(xily)




Multinomial event model parameters
ke
- y(g ,javv‘)‘*”:(.-

Assume p(x; = kly) is the same for all lj
> ¢y =p(y) L
> Ouy=1 = p(x; = kly=1) for k=1,...,K % ilij_'_
> duy=0 = p(x; = kly=10) for k=1,..., K -
Likelihood of training set (x(1), y() ..., (x(m) y(m):
L(¢y, (rbk\y:O) d)k\y:l) = H P(X(’),y(’))
i=1
:Hp(x(l’),...,é,’?#(i)) ds i ewm:/_
=1 ¢
" G
=TT e ) TT P05 1y: bum0: 651)

i=1 =1
— R e dovomend
where n; is the # words in the i-th email. (it~)




Maximum likelihood estimation with Laplace smoothing

> o= 3 10 =1)
i=1

XYL =k =11 D)
Duly=1 = ST = 1},7,.@

. o - TS U = k)0 =0} 4D
Ky=0 = ST 1A = 0}n; @

K is the dictionary size.
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