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Spectral Graph Theory

(Normalized) Graph Laplacian & I }

0.
Normalized graph laplacian (% 1997) L o

Lyy=DtL=1-D'W
Properties of L,,

» A is an eigenvalue of L, with eigenvector v if and only if )\, v solve
the generalized eigenproblem Lv = N@v

» 0 is an eigenvalue of L with eigenvector 1

» L,, is positive semi-definite and has n non-negative eigenvalues
=i/
0=A1< X <... <A,

Lmw!" comes from its interpertation as "random walk”. Another definition of

normalized graph Laplacian is D_%LD_:%
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Spectral Graph Theory

(Normalized) Graph Laplacian

Normalized graph laplacian (Chung 1997) !:

Lyy=DL=1-D'W
Properties of L,,

» )\ is an eigenvalue of L,, with eigenvector v if and only if A, v solve
the generalized eigenproblem Lv = ADv

» 0 is an eigenvalue of L with eigenvector 1

» L,, is positive semi-definite and has n non-negative eigenvalues
0=A1< X <...<A,

Proposition 2

Let G be an undirected graph with non-negative weights W, the
multiplicity k of eigenvalue 0 of L,,, is the number of connected
components Aq,...,Ax in G.

The eigenspace of eigenvalue 0 is spanned by vectors 14,,...,14,

in

rw" comes from its interpertation_as “random walk”. Another definition of
normalized graph Laplacian i

Yang Li  yangli@sz.tsinghua.edu.cn Learning From Data



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Spectral Graph Theory

Solving graph cut =5, —

Gt (AR
7 A

Define f € {0,1}" to be the indicator function for partition Ac V :

! b (A (A, R)
h“‘“\i g 1|1 vieA lth)
;'_{A}’_ 0 veA F°

~

000 B S
LSWepp 0 00

. 1A
We have that [If][2 = |A|. HfH-Z‘r > 4% A

viep.
Cut(A, A) can be written as a functlon of f and graph Laplacian L:
2
1 ) U;éA,VJéA =. (j}-]tj)—('l 0)-_1
FILF =~ Z wi(fi—£)?72. ) .
243’1*—L R vieh. > () =011
> W%) >oowil= Y wy=cut(AA)
vieA,vieA vieA,vjeA vieA,vieA —
Let f(l), .-+, f(k) be k indicator functions 14,,...,14,. They are mutually

orthogonal e f )T =0 for all i :ﬂ‘:_/)
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Spectral Graph Theory

Solving graph cut

Recall the definition of RatioCut:

& aut(ALA;
ml.ryl Z(|A,-| ) (3)

U4
in 3 f("T)Lf(i)
A AT F Dy e 1T

Relax the f;)'s to be real vectors:

-
k f(i)Lf(i)

min Tr
n .
fay, o fo R 57 1y Ty

s.t. f(l-T)f(J-) =0, forall j#;
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Spectral Graph Theory

Solving graph cut

Since rescaling f;) by constants does not change the objective, (3) is
equivalent to

min Zf( )Lf() (6)

' s.t. f(,-)f(j) =0, forall i+

(
o , |

[] )" f(’,-)i,-):Lfor alli=1,....k
: Lok
Let F = [f(l) . f(k)], (5) can be written in matrix notation:  |e=C |%
. T o

Fip w(F L) ot :
st. FTF=1 o

J
> By Theorem 2, optimal solution F* is the first k eigenvectors of L.

» To get discrete cluster labels, we can apply k-means clustering on
CIELe CIUSter 1abs _{-means clusterin
the rows of F*.
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Spectral Graph Theory

Spectral Clustering Algorithm

Unormalized spectral clustering

Input: data points x™, ..., x(" and cluster size k
» Build a graph connecting x| ... x(" with weight W . :)yl(:. I
» Compute first ksggéﬁ\%ctors‘\_/ =[v1,...,v] of L ‘—):.\-
> Defineﬁe R¥ as the ith row of V, cluser yi,...,y, into k clusters

w using k-means

W{y.r 14'\"{|
Output: A, ..., Ax where A; = {jly; = G} <
—_—

» Unormalized spectral clustering is relaxed solution to the RatioCut
problem.
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Spectral Graph Theory

Spectral Clustering Algorithm

Normalized spectral clustering (Ng, Shi and Malik 2000)
EeaianAlE

Input: data points x(), ..., x(") and cluster size k
» Build a graph connecting x| ... x(" with weight W
» Compute first k eigenvectors V =[vq,..., vk] of generalized eigen
problem Lv = ADv
» Define y; € R as the ith row of V, cluser y1,...,y, into k clusters
Ci, ..., Ck using k-means j
Output: Aq,...,Aq where A; = {jly; = G}

» Normalized spectral clustering (L) is a relaxed solution to the
NCut problem.
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Spectral Graph Theory

Toy Example

» 200 data points sampled from 4 Gaussian distributions
» KNN similarity graph (k = 10)

v’&Hnstogram of the sample

e
¢ ¥ ol M ko
4
2
=2 9 oA 1n L4,
Eigenvalues Eigenvector1 Elgenvector2 Eigenvector 3 Eigenvector 4 Eigenvector 5
¥ c T
. \0.08 - —01 0.5
S pos £ o4 -02
£10.04 ¥ I3 -0.3 0
<] 5 02 -04
:lo.oz o * % c o8 05
TR O .
56 7 8 910 2 4 6 8 4 6 8 2 4 6 8
Eigenvalues Eigenvector 1 E|genvector 2 E|genvector 3 Elgenvector 4 Eigenvector 5
oo4f T T T T T T T T
€ €
.éo,oa —; 01 -0.05 -0.05 -0.05
=0.02 =
e 2 0.05 _04
c10.01 c .
5 5
ol NP X ]
2345678910 2 4 6 8

First 4 eigenvalues are 0 with eigenvectors 1p,, 0=

|
—
I
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Toy Example

Spectral Graph Theory

» Fully connected graph with Gaussian similarity graph (o = 1)

Eigenvalues Eigenvector 1 Eigenvector 2 Eigenvector 3 Eigenvector 4 Eigenvector 5
*

< * * * < 0.5

§ 08 * ? -0.1451 0.1 0.1 01

2os >

é 04 ._; -0.1451 ———————— 0 0 0 0

£ 3

502 * 5 -0.1451 o1 01 -01

< @ * < -0.5

2345678910 2 4 6 8 2 4 6 8 2 6 2 4 6 8 2 4 6 8

Eigenvalues Eigenvector 1 Eigenvector 2 Eigenvector 3 Eigenvector 4 Eigenvector 5

g g

5 S 00707 005 0.05 0.05 08

2 3 o o . 06

£ g —0.0707 04

S 5] -0.05 ~ -0.05 0.2

E £ —0.0707 0.05 0 \\/\

> 1234586782910 > 2 4 6 8 2 4 6 8 2 6 2 4 6 8 2 4 6 8

First eigenvector is 1 since the graph has only 1 connected component
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Spectral Graph Theory

Spectral Embedding

nud |
Also known as Laplacian Eigenmaps [Belkin et. al., 2003]:’_&?\ d>>k
-
» Learn a k-dimensional embedding Y =| : [eR™*
Y

1 )
min = > w;llyi -y
Jin 5 Sl -y
Y ' D1=0

—10—|

-10 -5 0 5 10 15
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Spectral Graph Theory

Spectral Embedding
Example: 2D embedding results:
» N: number of neighbors in kNN graph

» t: hyperparameter in the similarity function W; ;= exp(u)
AR

e ¢#¥'¥ Fyn .m**{?
?e: i NS T
. *"&s gcy. véﬁ x"w d’
: . ai 7
o A AR o AL
Soate SRR - el
N=5 t=50 Z N=10 t=5.0
w

ﬁ‘g"r@ ﬁ?ﬁ
. ;%‘4 i{
N=5 t=25.0

M:;%
a2

* x

£
N=5 t=c
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Spectral Graph Theory

Spectral Embedding

Example: Embedding results on a 2D cycle graph
Cycle Graph Cycle Graph
n = 100

Circle
St n =30
TN
o N /‘\

i
/

PLLTN
., of
eee®

Also studied in graph signal processing and differential geometry

Learning From Data
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Spectral Graph Theory

Additional topics of graph Laplacian methods

i

G

Graph spectra can be used as
topological features for supervised
and unsupervised learning

50 100 150 200 250 300 350

Unsupervised segmentation using

» Laplacian eigenmaps for NCut [Shi & Malik, 2000]
dimension reduction and

visualization

» Unsupervised segmentation

» Graph-based semi-supervised

learning (manifold

regularization) ii

P e

Lazy Snapping (semi-supervised
graph cut) [Li et. al. 2004]
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Spectral Graph Theory

Summary

Representation learning
Representation learni|

» Transform input features into “simpler” or “interpretable”
representations.

» Used in feature extraction, dimension reduction, clustering etc
Unsupervised learning algorithms and their assumptions

» K-Means: assumes data are isotropic Gaussian, different clusters
have the same prior probability

» Spectral Methods: manifold assumption, cluster labels of a node
depends on its neighbors -

5 0 S 10 -10 ) 0 5 10

ground truth cluster spectral clustering (nCut)

—
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