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Today's Lecture

Unsupervised Learning (Part I)
» Overview: the representation learning problem
» K-means clustering
» Spectral clustering

Project Introduction
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Clustering from a graph point of view

> Given data points xM) ... x(" and similarity measure Sij 2 0 for
all x(0, x0)
» A typical similarity graph G = (V,E) is
sy e x
> vj and v; are connected if s; > ¢ for some threshold &
» Clustering: Divide data into groups such that points in the same
group are similar and points in different groups are dissimilar
» Spectral Clustering (informal): Find a partition of G such that
edges between the same group have high weight and edges between
different groups have very low weight.
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Spectral Clustering as Graph Partitioning

Find a partition of the graph such that

» Edges between groups have a low weight

» Edges within each group have a high weight
Cut

Best cut
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I Spectral Graph Theoryj|

Graph Cut Formulation

Case k=2:

» Given partition A, A, define a cut as the total weight of edges
weights between groups:

cut(AA) = > w;

€A jeA
> Example: cut({p1,p2,p3},{pa,Ps.ps}) =1, S ammected
CUt({PlaP27P37P4}a{P57P6}) :_2’ /.) E’J Q@k.
- Cut‘
Best cut \\ P5

P4 /\( \ Group 2
\
\
\ P6
\
Group 1 P1 \

P2
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L | [ tering]
Graph Cut Formulations

Case k > 2:
» Given partition Ay, ..., A, define a cut as the total edges weights

between groups™

1& ~ =
cut(Aq, ..., Ax) = 5 Z cutgA,-i!A,-)
— i=1

-
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Graph Cut Formulations

Case k> 2:
» Given partition Ay, ..., A, define a cut as the total edges weights
between groups:

N

min  cut(Ag, ..., Ag) =

A‘/”Ak

Minimizing cut directly tends to favor small isolated clusters.

k .
CUt(AhA;) min- et
; lL‘ ofikhm'

I
! :
I L o 12
L .. @.‘ ! o ' Min-cut 2
. . | EE
° ® o000 !
o ® ®
® .. .. ® ‘. : Min-cut 1

better cut —=,
;/7|

] : Spectral Graph Theory,
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Balanced Graph Cut A o\ (k)= ’)'_’Zw

Az_ Zd

RatioCut and NCut h> vo\[A.)—H—).—(—& -3, vol()= :[-
Find a k-way partition of graph G ( Aju...UAx =V, A;nA; =g ) that
minimizes:

1

K cut(Ai, A
RatioCut(Ay, ..., Ax) = Z i Gl [Hagen & Kahng,1992]
I=1 | I|

) A=3 ARS8,
il K Ai, A

NCut(Al,u-aAk):zZal‘f‘fl(A'))’

— i=1 J

vol(Aij) = Y. w; [Shi & Malik ,2000]
i€eA,jeV
R

= z A‘.
€A
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l | | cring]
Balanced Graph Cut

RatioCut and NCut
Find a k-way partition of graph G ( Aju...UAx =V, A;nA; =g ) that

minimizes:
1 & cut(A;, A
RatioCut(Ay, ..., Ax) = 5 Z v (|A | ) [Hagen & Kahng,1992]
i=1

il K CUt(A,' A,)

NCut(Ay,...,Al) == ———~

ut(As k=3 2; vol (A7)
vol(A)) = 3wy [Shi & Malik ,2000]

i€eA,jeV

Both RatioCut and NormalizeCut can be approximated by spectral
method.
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Graph Laplacian

| -2
Wiy Zo.
AN L=PD W J
Unnormalized graph laplacian matrix:

L=D-W

Properties of L

> Forevery feR", fTLf =157 wy(fi - £)?
‘ h"'~.[ . - = 0 -0. o od
:Z'Z_Z Wy (4 - o)
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I I I Spectral Graph Theoryj|

Graph Laplacian
Unnormalized graph laplacian matrix:

L=D-W

Properties of L

» For every f eR", fTLf = %Z;’JZI wi (i = £)?
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] :1 Spectral Graph Theory

Graph Laplacian Gy s unduected : y D)
Ny L
Unnormalized graph laplacian matrix: Vi
\ '
L=D-W .
—_ — l/\ﬁ) = Wy,

Properties of L
» For every f e R", fTLf 2 Z,J 7 WU(f f;)?
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Graph Laplacian

Unnormalized graph laplacian matrix:

L=D-W

Properties of L
> Forevery feR", fTLf =157 wy(fi-£)?
» L is symmetric and positive semi-definite
» The smallest eigenvalue of L is 0 with eigenvector 1

Spectral Graph Theory
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Graph Laplacian

Unnormalized graph laplacian matrix:

L=D-W

Properties of L
> Forevery feR", fTLf =157 wy(fi-£)?
» L is symmetric and positive semi-definite
» The smallest eigenvalue of L is 0 with eigenvector 1

Spectral Graph Theory
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Graph Laplacian

Unnormalized graph laplacian matrix:

L=D-W

Properties of L
> Forevery feR", fTLf =157 wy(fi-£)?
» L is symmetric and positive semi-definite
» The smallest eigenvalue of L is 0 with eigenvector 1

» L has n real eigenvalues 0 = A\; < X <... <\,

—_—

Spectral Graph Theory
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A Review on Eigenvalue Problem

The Eigenvalue Problem

Nonzero vector u € R" is an eigenvector of matrix A € R™" if

Au=A\u

for some X € R. We call \ the eigenvalue corresponding to u.

—

» A has at most n distinct eigenvalues

Eigenvalue Decomposition

Let U =[us,...,u,] be the matrix of n linearly independent eigenvectors

of Aand A=diag([A1,...,\]) , then " | '”x\ \([ ]—l>
- o[ MAa x
A= UAU‘[' I N .

—
> If Ais symmetric, A can be decomposed as A= U/\UT where Uis
an orthogonal matrix (UTU = I).
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Rayleigh-Ritz Theorem

Theorem 1

Given symmetric matrix A € R™", the solution to the minimization
problem is the smallest eigen vector of A
mine )LTA)(
min x’ Ax &>, #eR" (1)
X€ER"
k. x™x-|=o
s.it. |x]P=1
e —

—

xTAx

» An equivalent form of is minimizing the Rayleigh quotient >/

S(ale_x by Soma C _ TA 4 Ty -1
secch +we+.3 uxll=l . xT Ax UJQ-_X_?S_ F(X X )
min ———
w20eRn xTx b= 2PLF ZFX =0

e Ax=- B
> Raylelgh quotient
Wt x'=¢X [CGIR) X 1§ o e\olﬂ'“h’“ j A.
)"TAX’ _(CX)TA(Q‘) A FAx = (Ax)x. =( F)fl_)f: ‘-/|5=)
N (e x)(eX) XX vem >\= Nemalles.

X AX

is scale invariant.
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Rayleigh-Ritz Theorem

Spectral Graph Theory

iL Xy
X LN
| | i
Generalization to multiple vectors: 3' T‘"' );F
Theorem 2

xR IE), ken
Given symmetric matrix A € R™", Z: [X1,...,%k],x; € R", the solution to
the minimization problem are k smallest eigen vector of A:

in tr(XTAX 2
i - tr( ) (2)

X s.t. )_(_2(_:_1
min 5— XA (k) (el (exk)
Ry XE. 12| ————
st x;ij =$1. g i9)
— o g ip) > kY

Yang Li  yangli@sz.tsinghua.edu.cn Learning From Datal



l | cring]
Graph Laplacian

Unnormalized graph laplacian matrix:

L=D-W

Properties of L

> The smallest eigenvalue of L is 0 with eigenvector 1

L1=(P-w)L =p1-wi=D-D=0-1.

voduas N;
“=L"»Vl.

we semi-dspinite. INEX P jur el elgen

Sinw L o ro)“’
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Graph Laplacian

Unnormalized graph laplacian matrix:

L=D-W

Properties of L
» The smallest eigenvalue of L is 0 with eigenvector 1
» L has n real eigenvalues 0 = A\; < X\ <... <\,
- ;),v,\,,\(-ln‘ .3 oreal eiganualass -

~ Cemy poritive dsfinite = N 20,

Spectral Graph Theory
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. viwv v Vs
Graph Laplacian ”’"’
O\ (1
1
[~}
o

w: (:‘:é
0 Y

Lo W= [”ﬂh tn. ]
1
2

Proposition 1

Let G be an undirected graph with non- negat/ve weights 7 the
multiplicity k if eigenvalue 0 of L is the number of connected
components Ay, ..., Ax in G.

The eigenspace of eigenvalue 0 is spanned by vectors 14,,...,14,

D. hen K21 G hos one comected amputts 1 4] :s‘ vieA;

S"\rf°>‘ j is tha eASl"V“‘br 'j' L witn e«}mw.luo AJ o .u KAJ ‘
TLJ- = 0
2..”‘ fi-fp) = 0.
j:r e\l (\INV)QE/ WlJ . (j’, "fj)l: 0.

Fi :j:) pr i) e smee b S Cbnnet‘('?cl‘

j» U & constent vector, j--'-C'i, —>.C—1_A — ["1 'S,V],
- (
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2) Wk k71, Gr has k connected wmronen'fs 'K”/ AR

L: E‘ L/\J’Ur( ?ocl\ LI‘ s tha [o\(pla_c\la\.\ ‘_f Ai

—

FO" C- Hock J\\ctjo"’&l L) 8‘5}"\‘/&‘0\(“5 ‘ﬁ' L

N2 exsenueq‘ou (7- L;

e Ln DS 7‘

N s
Ln, Lol L)(, whose e\jem/eah S

with O 7;“04 i~ pher blocks.

sk X J[‘) Ld j“" e,\‘s_pnvc\lu‘_o' a{senvecf’o(‘_\?‘ E

FWH \ jg)

\""J s b eASeAvec{or g L
=

(ke h Eock Li hes e.sen\mlum 0 vt V,,\.,\[-(-,-r\,;c;h,a 1 ,
Tharefoce, L hes total Mmib\rl/\\a{g k, s e)aenve(-}or.s ok Jr“""fJ.LJ ﬂ-A,’.
B

(/\V\hormo\\luo[ 5( Dxt?l’\ luYMu’an

[ =D W-



] Spectral Graph Theory

(Normalized) Graph Laplacian

Normalized graph laplacian (Chung 1997) !:

Ly,=DL=1-DW
Properties of L,, p- W)

> Ais an eigenvalue of L, with eigenvector v if and only if A\, v solve
the generalized eigenproblem Lv = )\@v

» 0 is an eigenvalue of [ with eigenvector 1

» L,, is positive semi-definite and has n non-negative eigenvalues
0=A1< X <...<A,

Lmw!" comes from its interpertation as "random walk”. Another definition of

. . . _1 _1
normalized graph Laplacian is D" 2LD™ 2
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] Spectral Graph Theory

(Normalized) Graph Laplacian

Normalized graph laplacian (Chung 1997) !:

Lyy=DL=1-D'W
Properties of L,,

» A is an eigenvalue of L,, with eigenvector v if and only if A, v solve
the generalized eigenproblem Lv = ADv

» 0 is an eigenvalue of L with eigenvector 1

» L,, is positive semi-definite and has n non-negative eigenvalues
0=A1< X <...<A,

Proposition 2

Let G be an undirected graph with non-negative weights W, the
multiplicity k of eigenvalue 0 of L,,, is the number of connected
components Ax,...,Ax in G.

The eigenspace of eigenvalue 0 is spanned by vectors 1a,,...,14,

Lmw!" comes from its interpertation as "random walk”. Another definition of

normalized graph Laplacian is D 2LD 2
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[ ] Spectral Graph Theory
Solving graph cut 4., A,

Define f € {0,1}" to be the indicator function for partition Ac V :

‘2; L B 1 Vi € A
) ' A Haji= 0 vieA
-PL We have that ||f||2 |A]. “7‘—“ = 1 # = I 1= |A]

i=
Cut(A, A) can be written as a functloneof f andAgraph Laplacian L:

O Lf_i n S wi(fi-£)? = L ‘)(f-"](j)

L)

_71_1_/__ (V ZANGER ) 0T (Vi e PG eA)
1 _
|2 wir X owi|= Y wi=cut(AA)
_,2 vieA,vieA vieA,vieA v,-eA,vjf‘_' -
—_ L=
Let f(1),..., fx) be k indicator functions 14,,...,14,. They are mutually
orthogonal (i.e. f(l.T)f(j) =0 for all i #j). o
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[ ] [K-Means Clustering] |Spectral Graph Theory|
Solving graph cut

Recall the definition of RatioCut: ]z,j;c(d“\,--) M)

min Z , cut(Aj, A)) 3)
A AT A= 1£
& f()Lf()
—_— Alr:rllhr’\Ak Z —f(z-)f(i) ¥:= :LA.' (4)
Relax the f;)'s to be real vectors: £

. f‘ Lf yy\\'v~ z j’: LTI

gy ST
f(l) f(k)ER 5+ \\‘;’ : dor Oil

s.t. f()fo) 0, for all i+

Yang Li  yangli@sz.tsinghua.edu.cn Learning From Datal



I I I ISpectraI Graph Theoryl

Solving graph cut

Since rescaling f;) by constants does not change the objective, (3) is
equivalent to

k
min ANES
f(l)au-,f(k)E]R"Z (’) (I)

—~
(<))
~—

I

I
s.t. f(T)f(J-) =0, for aII_i qtl'
fonfiy =1, foralli=1,... k

Leti: [f(l) .. f(k)], (5) can be written in matrix notation: =3
; vi[i1 o o ("‘/V;/Vr)

H T Vv I o |-~ 3(
WIS P S AT
st FTF=1 vlges) Cwaa

b

. _
» By Theorem, optimal solution F* is the first k eigenvectors of L.

» To get discrete cluster labels, we can apply k-means clustering on
the rows of F*.
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[ I ] |Spectral Graph Theory|
Spectral Clustering Algorithm

Unormalized spectral clustering

Input: data points x(V, ..., x(" and cluster size k
» Build a graph connecting x| ... x(" with weight W
» Compute first k eigenvectors V =[vq,...,vx] of L

» Define y; € R¥ as the ith row of V/, cluser yi,...,y, into k clusters
Ci, ..., Ck using k-means

Output: Ag,...,Ax where A; = {jly; = G}

» Unormalized spectral clustering is relaxed solution to the RatioCut
problem.
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| Spectral Graph Theoryj|

Spectral Clustering Algorithm

Normalized spectral clustering (Ng, Shi and Malik 2000)

Input: data points x(), ..., x(") and cluster size k

» Build a graph connecting x| ... x(" with weight W

» Compute first k eigenvectors V =[vq,..., vx] of generalized eigen
problem Lv = A\Dv

» Define y; € R¥ as the ith row of V/, cluser y1,...,y, into k clusters
Ci, ..., Ck using k-means

Output: Aq,...,Ax where A; = {jly; = G}

» Normalized spectral cl ing (Lny) is a relaxed solution to the

NCut problem. £y (n1, A
> L
i vol(A%).
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[ ] : Spectral Graph Theory
Toy Example

» 200 data points sampled from 4 Gaussian distributions
» KNN similarity graph (k = 10)

Histogram of the sample  , ¢ R.

: JUUA

()"
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Eigenvalues Eigenvector 1 Eigenvector 2 Eigenvector 3 Eigenvector 4 Eigenvector 5
*
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0
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obo s st essat? o
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First 4 eigenvalues are 0 with eigenvectors 14, , i=1,....4
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[ ] : Spectral Graph Theory
Toy Example

O~
w e 81 & iy

Jl)=e &

» Fully connected graph with Gaussian similarity graph (o = 1)

wed
Choo’e kb

Eigenvalues Eigenvector 1 Eigenvector 2 Eigenvector 3 Eigenvector 4 Eigenvector 5

s P * 5 05
I @ -0.1451 0.1 0.1 01
5 5
2 2 -omst———————— 0 0 0 0
3 £
5 S -0.1451 o1 01 -01
< < -0.5
2345678910 2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8
Eigenvalues Eigenvector 1 Eigenvector 2 Eigenvector 3 Eigenvector 4 Eigenvector 5
é_ 5ok X KX §_
> S 00707 005 0.05 0.05 08
‘:? 3 L o R o 0.6
E E -0.0707 z:
Is) S -0.05 0 -0.05
E £ —0.0707 0.05 0
5 5
1234586782910 2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8

First eigenvector is 1 since the graph has only 1 connected component
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Spectral Embedding

Also known as Laplacian Eigenmaps [Belkin et. al., 2003]:

“yi-
» Learn a k-dimensional embedding Y =| : [eR™*
— |y
1 ,
min_ = > willyi =yl nocmelned | lesian
= i LenaWn .
¥7D1-0 Y greph Leg

—10—|

-10 -5 0 5 10 15
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Spectral Embedding

e

Example: 2D embedding results:
> N: number of neighbors in kNN graph

st hyperparameter in the 5|m||ar|ty function W; ; = exp(”x’ il )

Spectral Graph Theory|

gm J.w{?

‘x“"t ‘3?"

% +,wf'¥
. } ¥ %? ?3’3#
Ly R e € T 25
\AN"\ D i1 L b
P !%W‘
N=5 t=50 N=10 t=5.0
g it
& i : ,,%E
QAL "ot
N=5 t=250
e
ﬁ?ﬁﬂ 3
IS
N=5 t=co N=10 t=co

N=15 t=o
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Additional topics of graph Laplacian methods

& 4N r\eTU“)"’(S 100
TE?/Mr\) "
Graph spectra can be used as 200
topological features for supervised 50 100 150 200 250 300 350
and unsupervised learning Unsupervised segmentation using
» Laplacian eigenmaps for _|\_|£‘it [Shi & Malik, 2000]

dimension reduction and
visualization

» Unsupervised segmentation

» Graph-based semi-supervised
learning

Lazy Snapping (semi-supervised
graph cut) [Li et. al. 2004]
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Summary

Representation learning

» Transform input features into “simpler” or “interpretable”
TP EARTTE
representations.

» Used in feature extraction, dimension reduction, clustering etc
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