Learning From Data
Lecture 6: Support Vector Machines
(Part Two)
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Today's Lecture

Supervised Learning (Part V)
» Soft margin SVM
> Kernel SVM

» Some other kernel methods

Written Assignment 1 is due today.

Midterm is on November 5.
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Q&A

Question

What's the difference between OLS and least absolute deviation (LAD)
and their geometric interpretation? (WA1)

4/55



[Mnfraductionl EcCNMaren SV —//] [ |

Q&A

Question

What's the difference between OLS and least absolute deviation (LAD)
and their geometric interpretation? (WA1I)

T
OLS LAD = /1/-—50
Loss J0) = 57, 0TI | J0) € by — 070
I
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Q&A

Question

What's the difference between OLS and least absolute deviation (LAD)
and their geometric interpretation? (WA1I)

OLS LAD

Loss J0) = 35 lly—07XP | J0) = Sy by — 0750
N(0,0?) Laplace(0, )

Maximum -

likelihood

plylx)
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Q&A

Question

What's the difference between OLS and least absolute deviation (LAD)
and their geometric interpretation? (WA1I)

OLS LAD
Loss JO) = 35T lly —0TxIP | J(0) = 3T |y — 07x"]
N(0,02) Laplace(0, )
Maximum
likelihood
p(ylx)
sum of residual (error) | sum of absolute errors
Geometric squares
meaning
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Q&A

Question

What's the difference between OLS and least absolute deviation (LAD)
and their geometric interpretation? (WA1I)

OLS LAD
==

Loss JO) =3 My —0Tx|P | J(0) =37, ly — 07X

N(0,02) Laplace(0,7) A ~nernw~
Maximum
likelihood
p(y[x)

sum of residual (error) | sum of absolute errors
Geometric squares
meaning

has unique global solution*, | robust to outliers, instabil-
Pros/Cons sensitive to outliers ity due to multiple solutions

—
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Comparison between OLS and LAD:

%y

N

2o

—— least-squares fit —— least absolute deviations fit

9/55



Mofroduction v ETET—w | —— [

Review: Linear SVM Dual (w/b) = &
Dual optimization problem:(Check derivation) ‘:i(we'%‘*b)}_ 1
dred - g W) = izm;a,- - ;sz:l Yy D0, (6, x0)
st.a; >0,i=1,....m "'\i“’%_lllf'l\L
m W,
Zlaiy(i) =0 % st 9:lw&;+L) v

"~ 71""'r =, m
L(w)b,ol)= 'E”'“”l’%d‘_t (3‘(bu*><"+0']>

W\\("-L(O"’IL/"L)

w, b

[)ﬁmb\[ =

W =l

Lfk‘

L?FL«'-O- wt = Zo(:ﬁ(x:
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Review: Linear SVM Dual

Dual optimization problem:(Check derivation)

m 1 m ,- . ,- .
max W(a) = Za; ~3 Z yDyWasa;(xD x0)

i=1 ij=1
st.a;j>0,i=1,....m

m o
S o
i=1
Solution to the primal problem:
R M

1
b* = —= < max w* x £ min w* " xU )>
2 Iy(): 1 ly() 1

—
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Review: Linear SVM Dual

Dual optimization problem:(Check derivation)

m 1 m ,- . ,- .
max W(a) = Za; ~3 Z yDyWasa;(xD x0)

i=1 ij=1
st.a;>0,i=1,....m

m o
S <o
i=1
Solution to the primal problem:
Za* (1) 5 (

1
b* = —= < max w* x4+ min w*xU )) =
Iy(): 1 ly() 1

- »
For a new sample z, the SVM prediction is sign {W* Tz+ b} \Q

et b=ThayOed e T T
w'z =D 0y Nx\W .z b
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Review: Linear SVM Summary

» Input:: m training samples (x(), y()) y' € {~1,1}
» Output: optimal parameters w*, b*
» Step 1: solve the dual optimization problem

o =max W(a)

m
stoo; 20> ay)=0,i=1,....m

i=1

> Step 2: compute the optimal parameters w*, b*
wh = Za?‘y(i)x(i)
- i

1 . , .
b =—= < max w* x4+ min w* TX(’)>
2 \iy=—1 fy()=1

—_
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[Soft Margin SVM|
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Limitations of the basic SVM

SO“ \o;\" Ll no Tep\s\'l,u solediovs

N X X X
N X
“ X
X . 5 x
N o
X = X
o X
o X
N o
N o o o
. o o
Outliers Non-linearly separable cases
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Soft Margin SVM
1|

Functional margin 1 — & <1 :

1 &
l C ;
min S llwll +‘Z£

T ek e

r

\—
5 §lwhe) e

—

E>0,i=1,....m

—

(T >1 /¢
2 i sty (w' x? +b)>1- glz)gﬁw/b/z)fo

o' (WR) 2.

» C: relative weight on the
regularizer

> L, regularization let most
& =0, such that their
functional margins 1 — & =1
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Soft Margin SVM

The generalized Lagrangian function:

L(w,b,& a,r) = %|\w|\2+CZ§; — Z@[ym(wa(") +b) — 1+§,~]
- = i=1 7

= i \"’Lf
%—’—_o = w:Z*"jﬂ N1 e— liZo
i=1=— ~5.<p.
91— -6 > zo{‘]-o : tigo

‘3:\

\

ﬂ—_ oD, (i l1-odiA-~ToL D (-dy~Tizo gor ol

Pz " S S
Llw, iw>='—l\wu‘-2°‘<(3‘(W+‘>>*‘3‘§,z‘(ﬁ;n)
W) = Zd\-LZZﬂbdaxxl = o.

= j=I

olzZ.D,i e To=Coke , A2, %20 D |lis ¢ ]
Yi zo. -

ofti £e7 dual o,

ri zo-
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Soft Margin SVM

The generalized Lagrangian function:
— 1 2 . . (i) T (i)
L. b6 00) = WP+ o6 =3 o YO <D+ b) - 14|
1= I
- it
i=1

Dual problem:
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Soft Margin SVM

The generalized Lagrangian function:
1 2 . . @) T ()
Lo b, €,00) = 1P HC D6 =3 o YO <D+ b) - 14|

m
- Z ri&i
i=1

Dual problem:
m

max W(a) = > a —72}/ Deyjaj(x7, x0))

i=1 ij=1
st.0<qa; <C,i=1,....m

i ajy) =0
i=1

w* is the same as the non-regularizing case, but b* has changed.

—_— ~—

19 /55



| v azeyz oz | Boft Margin SV [errrma | L

Soft Margin SVM

Dual problem:

max W(a Za, —-= Z yDyWaza;(xD x0)

ij=1
st.0<q; <C,i=1,....m

Zm: aiy =0
i=1

By the KKT dual- complentary conditions, for all i, afgi(w*) =0
a:i _ 0()4/(3

aj=C —
< O0<a<C <+

&«
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Soft Margin SVM

Dual problem:

maxW Za,—ny )yW oo (x1 Uy

ij=1
st.0<q; <C,i=1,....m

i aiy =0
i=1

By the KKT dual-complentary conditions, for all i, afgi(w*) =0

=0 ] —  yO(wTx( 4 p) >
o = C = y(i)(WTx(’ b)
i 0<a<C <+ yD(wTx) 4 p) =

1 correct side of margin
1 wrong side of margin
1 at margin

IN IV

}MFPor'f vectors,

—_
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Non-linear SVM

For non-separable data, we can use the kernel trick: Map input values
x € RY to a higher dimension ¢(x) € RP , such that the data becomes
separable.

Input space \ Feature space

23 /55
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Non-linear SVM

For non-separable data, we can use the kernel trick: Map input values
x € R4 to a higher dimension ¢(x) € RE-, such that the data becomes
separable. —J

\ Input space Feature space

o X

un: nu 5 <

(]
(]
I:Inl:l

\

» ¢ is called a feature mapping.
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Non-linear SVM

For non-separable data, we can use the kernel trick: Map input values
x € RY to a higher dimension ¢(x) € RP , such that the data becomes

separable.
\ Input space Feature space ] O] ]
o %@
med® O
g0
H
]

» ¢ is called a feature mapping.

» The classification function w’x + b becomes nonlinear:w” ¢(x) + b
V= = =
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Kernel Function

Given a feature mapping ¢, we define the kernel function to be

K(x,2) = 6(x)"¢(2)

—_
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Kernel Function

Given a feature mapping ¢, we define the kernel function to be

K(x,2) = ¢(x)"¢(2)

/Some kernel functions are easier to compute than ¢(x), e.g.

K(Xaz):(XTz)z = 4)04)7—‘5(%) et s ¢(ﬁ) ?

—

J = (X(/X?_>
% "(%u"ln.)
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Kernel Function

Given a feature mapping ¢, we define the kernel function to be

K(x,2) = ¢(x)"¢(2)
FART
Some kernel functions are easier to ke mpL??than o(x), e.g.
Wc W eﬁ

K(x, z) ( X,.Z,)EXJ,ZJ‘:ZZXhXjaZth
j=1 i=1 j=1
= ¢(x) T ¢(2)

Bangle’

LD Care  (xTR)%: (X2t x\%\ﬂ(ﬁ.a_}
= ) GO (W) (R)
= LXL%?.)

(\K( 254 ¥, X (L) Xz)\u}awi§

\ H(xead)
K [f;{, (é%b

v 2
3 28 /55
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Kernel Function

Given a feature mapping ¢, we define the kernel function to be
K(x,z) = o(x)" 6(2)

Some kernel functions are easier to compute than ¢(x), e.g.

n n n n
T_\2 § § § §
K(X,Z):(X Z) = Xis Zj Xjs Zj = Xis Xjy Zjs Zj
i=1 j=1

i=1 j=1

= 6(x)"9(2)

X1X1 h?.
X1X2
where ¢(x) = ))((;’);"(‘ takes O(n?) operations to compute, while
XnXn—1
o,/ %) XnXn
= (x72)? only takes O(n)
— —

—_—
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Kernel SVM
In the dual problem, replace (x;, y;) with (¢(x;), @(yi)) = K(xi, x;)

” (XD p(K
max W(a) = Z Z y(DyU) o, i K(xi, x;) i 75 )
i=1

I_]].

st.0<qa; <C,i=1,....m

i Ot,'y(i) =0
i=1
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Kernel SVM
In the dual problem, replace (x;, y;) with (qb( ), 6(yi)) = K(xi,xj)
max W(a) Z —ny yWajaiK(xi, )
i=1 ij=1

st.0<qa; <C,i=1,....m
i=1

No need to compute w* = 3277 oy (x1) explicitly since Zol Y 90 V)
- 5

f(x) = w'o(x =<Zay)¢ > ¢(x),+ b th

31/55



e ==/ Eemarsym

Kernel Matrix

kernel functions measure the similarity between samples x, z, e.g.
» Linear kernel: K(x,z) = (x'2z) .
> Polynomial kernel: K(x,z) = (x"z +1)P. f=z

» Gaussian / radial basis function (RBF) kernel:
Kixz) =ep (“LEEE) ey (- plia-2|?)
- = 71

Linear 2nd polynomial  3rd polynomial

g

2
(2 +1)

° o
~ ® ® ~j®
o ‘ L X Y o| @
2 e e 5@ .
.g Q \, gl e
§l° oo 8l o
0® &N
o o SO\
variable 1 variable 1
Radial basis

variable 2
variable 2

variable 1 variable 1
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Kernel Matrix

kernel functions measure the similarity between samples x, z, e.g.
» Linear kernel: K(x,z) = (x'z)
» Polynomial kernel: K(x,z) = (x"z + 1)P
» Gaussian / radial basis function (RBF) kernel:
K(x,z) = exp (—7“)(2_(,22”2)

Linear 2nd polynomial  3rd polynomial
L e® @
. ®
AN %06 o P
R N\ 3 3
RN
0® &N\
0 O 2 Can any function
variable 1 variable 1 K ( b k |
X, y) be a kerne

Radial basis

)

function?

variable 2
variable 2
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Kernel Matrix

| ""mPles_'

Represent kernel function as a matrix K € RP*Mwhere
Kij = K(xi,x) = ¢(xi)(x)-

¢[>(L'))T¢(Km)) - ,}t()(m)"‘?‘bdm)) I
GO, o, FTPOC)

BB - o)
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Kernel Matrix

Represent kernel function as a matrix K € R"*Mwhere
Kij = K(xi,xj) = ¢(xi)¢(x;)-
Theorem (Mercer)

Let K:R" x R" — R Then K is a valid (Mercer) kernel if and only if for
any finite training set {x() ... x(m}, Kis symmetric positive
semi-definite. -

ie. Kij=K;;and xTKx >0 for all x € R”
L -— —_

k=K
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Kernel SVM Summary

g1 R

> Inpft m training samples (x| y()),y" € {—1,1}, kernel function
KYX x X — R, constant C >0

» Output: non-linear decision function f(x) J'{Z[ 01
» Step 1: solve the dual optimization problem for «

(omprts el

et k far
el g

—

max W(«a

ZO" 21 Z Y0y 0 a0, K (x9, x0))

ij=1

st. 0< ;i < C,Za;y(i):o,izl,...,m

i=1
» Step 2: compute the optimal decision function

m
b* = yU) — Za}ky(i)K(xw,x

L i=1

f(x) ia-y(i)K(x(i) )

In practice, lt 's more &fficient to compute kerne/ matrix K in advance.

£

. )
0)) for some 0 < o < C

_—
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SVM in Practice

Sequential Minimal Optimization: a fast algorithm for training soft
margin kernel SVM

» [Break a large SVM problem into smaller chunks, update two «;'s at
a time -

> |Implemented by most SVM libraries.

37 /55
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SVM in Practice

Sequential Minimal Optimization: a fast algorithm for training soft
margin kernel SVM

> Break a large SVM problem into smaller chunks, update two «;'s at
a time onginal VM for clessitications

» Implemented by most SVM libraries. 'ﬂl( WX b )2 1-¢

Other related algorithms . v .
L i
» Support Vector Regression (SVR) M&X(O’ H - @K *l")} E-f>
-—
o » Least Square SVM (LS-SVM)hopamod<. Jor regression,

> Multi-class SVM (Koby Crammer and Yoram Singer. 2002. On the
algorithmic implementation of multiclass kernel-based vector
machines. J. Mach. Learn. Res. 2 (March 2002), 265-292.)
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[Kernel Regularized Least Square|
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Other Kernel Methods

Kernel trick can be applied in many linear models, e.g.
» Kernel regularized least square regression

> Numerical solution (gradient descent ) ¢
> Analytically solution <— See WA2

2.01
1.5
1.0

051 Regularized least square

with \R_lﬂ: kernel
k(x,y) =
exp(—]Ix = y[?)

target

0.0

—0.5

~1.0 1

~1.5
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Other Kernel Methods

Kernel trick can be applied in many linear models, e.g.
» Kernel regularized least square regression

> Numerical solution (gradient descent )
> Analytically solution <— See WA2

2.0
[}

15 ‘

1.0 /)
’ -

0.5 4

Regularized least square
with RBF kernel

k(Xv)/) =
exp(—7|lx — y|?)

target

0.0

—0.5

~1.0 1

y=100.000
data °

~1.5

0 1 2 3 4 5
data

» Kernel PCA, Kernel CCA (in later lectures)
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Review: Regularized Least Square Regression

Given (x(, y@y . (x(m) y(m) () € R x() € R”
Regularized least square:

LN ; 1
min )3 [y =072 + 5|l
i=1 (U

[|-]| is the L2 norm.

42 /55
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Review: Regularized Least Square Regression

Given (x(, y@y . (x(m) y(m) () € R x() € R”
Regularized least square:

1 & . , 1
LT () _ pT ()12 - 2
min > gllly 0717+ A5 01|

—

[| - || is the L2 norm.
Gradient descent update:

v m _
0, :=(1- af\)Hj + ?Z(y(i) - 9Tx(i))><1-(') forallj=1,...,n

— = i=1
C

43 /55
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Review: Regularized Least Square Regression

Given (x(, y@y . (x(m) y(m) () € R x() € R”
Regularized least square:

1 & . , 1
LT () _ pT ()12 - 2
min > gllly 0717+ A5 01|

[| - || is the L2 norm.
Gradient descent update:

m
0; == (1—a\)o; + aZ(y(i) - 9Tx(i))><1-(') forallj=1,...
- )

i=1
Vector notation:

0:=(1—aN)b+ aZ(y(i) — 0T xM)x(
- i=1 )
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Kernel Regularized Least Square Regression

Kernel Regularized Least Square (KRLS)

Given (x(M), y@y . (x(m) y(m) with y() € R, x() € R" and a feature
map ¢ : R" — RY:

LN I . 1
. - (i) _pT )12 - 2
ming>_ 511y 6 011"+ A5 116l

_ =1
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Kernel Regularized Least Square Regression

Kernel Regularized Least Square (KRLS)
Given (x(M), y@y . (x(m) y(m) with y() € R, x() € R" and a feature
map ¢ : R" — RY:

min 3 L1y — 07 600O|P + AL 1012

gcRn £~ 2 2

i=1

Gradient descent update:

0:=(1-a\f+a i(y(i) —076() ) ()"

46 / 55
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Kernel Regularized Least Square Regression

Kernel Regularized Least Square (KRLS)

Given (x(M), y@y . (x(m) y(m) with y() € R, x() € R" and a feature
map ¢ : R" — RY:

min 3 L1y — 07 600O|P + AL 1012

gcRn £~ 2 2

=

Gradient descent update:
0:=(L—aN)f+a) (v —0Te(x)N)e(x)")
i=1 _—

How to use the kernel trick to solve it more efficiently?
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Kernel Regularized Least Square Regression

Proposition 1.

Parameter 6 can be written as a linear combination of
S(xD),. TH(xM): maga A B K X

0;=> Bip(xD)foralli=1,....m

pov Ses pge

2T(&
926

-
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Kernel Regularized Least Square Regression

Proposition 1.
Parameter 6 can be written as a linear combination of
H(xM), ..., p(x(M):

m

0;=> Bip(xD)foralli=1,....m

i=1

Idea: do gradient descent on (31, ..., [Bm instead of 6.

49 /55
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Kernel Regularized Least Square Regression

Proposition 1.
Parameter 6 can be written as a linear combination of
H(xM), ..., p(x(M):

m

0;=> Bip(xD)foralli=1,....m

i=1

Idea: do gradient descent on 31,. .., 3, instead of 0.
Gradient descent update for 6:

50 /55



Proposition 1.

Parameter 6 can be written as a linear combination of

(xD), ..., p(x(M):

0;=> Bip(xD)foralli=1,....m

i=1

Idea: do gradient descent on 31,. .., 3, instead of 0.
Gradient descent update for 6:

0:=(1—a\)b+ azrn:(y(") — 07T p(x)M)p(x1)
(1= a8+ aly® — 07 6(x)) o(x)

Bi
Gradient descent update for 8;,i =1,...,m:

m
i=1

E===x=a BT Maren SVIV] | errrm Rernel Regularized Least Sauard
Kernel Regularized Least Square Regression
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Kernel Regularized Least Square Regression

Proposition 1.

Parameter 6 can be written as a linear combination of

(xD), ..., p(x(M):

0;=> Bip(xD)foralli=1,....m

i=1

Idea: do gradient descent on f31,. .., instead of 6.
Gradient descent update for 6:

0:=(1—a\)b+ azrn:(y(") — 07T p(x)M)p(x1)

i=1

=" (@ =an)8;+aly? —076(x7)) o(x")
i=1
Bi ™ (}‘)
Gradient descent update for g, i=1,....m: ). ‘%4’(
witl® ad conversed o, g5 )

Bi = (1= aX)B; + oy — 0T o(x"))
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Use kernel function in the update for f; :

B = (1— a5 + a(y®) (BTh(x))

= (1= aN)Bi+a(y? = jo(x")T¢(x1"))
UL —
= (1 —aNBi+aly = Bik(xY), x1))

j=1 —

53 /55



Use kernel function in the update for f; :
Bi = (1= aX)B; + aly? — 0T o(x))

= (1—aX)F; +aly® = 3 B To(x)

j=1
= (1 —aNBi+aly = Bik(xY), x1))
j=1

Vector form:
B:=(1-a))B+aly —KpB)
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KRLS Summary

» Compute kernel matrix K for all m training samples
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KRLS Summary

» Compute kernel matrix K for all m training samples

» Compute the optimal 51, ..., 8, through gradient descent or normal
equation. — -
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KRLS Summary

» Compute kernel matrix K for all m training samples

» Compute the optimal 51, ..., 8, through gradient descent or normal
equation.

» Make prediction on new sample x:

Y =0"¢(x)

=2_ B Te(x)

= Z BJ-K(XU),X)
j=1
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