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Today's Lecture

Supervised Learning (Part I)
» Linear Regression
» Binary Classification

» Multi-Class Classification



Review: Supervised Learning

» Input space: X, Target space: Y

Rd’



Review: Supervised Learning

(x,4)
» Input space: X', Target space: )

» Given training examples, we want to learn a hypothesis
function h: . X — Y so that h(x) is a "good” predictor for the

R

corresponding y.

Training
set

e G

Learning
algorithm

test predicted y
_— (living area o (predicted price)
house.) of house)



Review: Supervised Learning

jo _ forget spa=

» y is discrete (categorical): classification problem

» y is continuous (real value): regression problem



[Linear Regression|

Y & aentinuous



Linear Regression

Example: predict Portland housing price

Living area (ft?) # bedrooms Price ($1000)
Y

X1 X2
2104 3 400
1600 3 330
2400 3 369

living area
—_ ¥



Linear Approximation
\I\YV(\’ sﬁw ou“"l’l/‘( Sr“u
x: RL. g - IQ k(‘ X rd g
A linear model J éj

h(x) = 90 + O1x1 + 9_2X2

0;'s are called parameters.



Linear Approximation

A linear model
L

h(X) = 9;) + 01x1 + O2x0

=
0;'s are called parameters.

Using vector notation,

to
h(x)=0"x, where = |6;],

- — 05

X =

X2



Alternative Notation

h(x) = wixs + waxz + b

wi, wy are called weights, b is called the bias

——— e

h(x)=w'x+b, wherew = [Wl} , X = [



Apply model to new data

Suppose we have the optimal parameters 6 , e.g.

> h = LinearRegression().fit(X, y)
> Theta = h.coef r
array([89. 60 0.1392, -8.738])

i Sa S g;,

make a prediction of new feature x:

Vv = h —97 e oluaée \'(_M Mo
(_-)./) e(i() 1_.1\ i Prd;;'(au_

1000 2000 3000 4000
living area



Model Estimation

How to estimate model parameters 6 (or w and b) from data?



Model Estimation

How to estimate model parameters 6 (or w and b) from data?

Least Square Estimation

o
‘é SK\M\ e}
h(x) — H(x) =0y + 0121
)~y i
had) —+

geometric approach



Model Estimation
How to estimate model parameters 6 (or w and b) from data?

Least Square Estimation Maximum Likelihood
o, Estimation

O/é’?—) °
Py~ M

h(x) —y D(.’L‘) = 90 + 91.’1}1
OOO + 921’2

geometric approach
Probabilistic approach



Ordinary Least Square w3

Cost function:




Ordinary Least Square

Cost function:




Ordinary Least Square

Cost function:



Ordinary Least Square S

Cost function:

The ordinary Least square problem is:

min J(6)
60
-
— min = () (032
mn 3 () - 1)
-

How to minimize J(6) ?

» Numerical solution: gradient descent, Newton's method
Numerical solutiol

> Analytical solution: normal equation




Start at an initial guess,
repeatedly change 6 to decrease

—

J(9) 3,0\&&»\’4
( {
cueloet  §.— 6 —@VJ(0)

« is the learning rate

o\
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Review: Convex function ,.pex of or et myec, o

—— J_; — -] \L ccC. 9 j""“ 041(‘
Y » =
Definition My J affine Combnatdn d NKx ( (- X)J «C.

A function f(x) is convex on a convex set C if for any x3,x2 € C
and 0 < A\ <1, -
f:c -ﬂz
f()\Xl + (1 — X2 < )\f(Xl
A= 0

<b
e.g. Cisan |nterva|
N —————

*wa 3
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Review: Convex function C Y719

not | > -
Definition 70 - Cy—.‘:c’R A
A f@;@_f(x! is convex on a convex set C if for any x1,x; € C
and 0 < A\ <1,

f(Ax1 4+ (1= N)x2) < Mf(x1) + (1 — A)f(y2)

e.g. Cis an interval [a, b]

Theorem
If J(0) is convex, gradient descent finds the global minimum.



For the ordinary least square problem

J(0) = 3 Sy (h(xD) = y0)2 = 3572, (7% — y )2,

8J(6) .
001
= 6 9 .
VJ(H): , where 8J( ) :5‘9_ Jii( Tm n))
N 8J(0) 90; ) T

| 00, m Wy ] Gy )
[0X 3 —;—_Z 6%y )38‘)(% )3)
> .
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For the ordinary least square problem,

J(0) = 3 L (h(x) = y )2 = 3 557, (070 — y )2,

o0
! 8J(0) 0 [1 o 2
VJ(0) = , where =— |Z o7 x() _ y(’)
o) 00; — 00; 2/_:1< )
90,

m

= <9Tx(f) _ yu))

i=1

)
J




Gradient descent for ordinary least square

84— 9— NJ(B)

Gradient of cost function: VJ(8); = 377, (67 x() — y(1) x7

—_——

Gradient descent update: 5= 6 — aVJ(9) - [W’(W\

Batch Gradient Descent [el V;I[;Hz

‘ Repeat until convergence{ € .
| 0 =0+aX", 0" — h(xM)x? for every j &—
‘ } ’ N [

while net (avaP‘J .
#ef j s ro"\VC"\ B

GJ‘: - - -



Gradient descent for ordinary least square

Gradient of cost function: VJ(0); = >, (QTx(i) — y(f)) Xj(")
Gradient descent update: 6 := 6 — aVJ(0)

Batch Gradient Descent

‘ Repeat until convergence
‘ 0, =0; + a3, (v — hg(x(i)))xj.(' for every j
A )

|3 oG

0 is only updated after we have seen all m training samples.




Batch gradient descent

7th Orefy )l
Repeat until convergencefq 7‘" cvers i=) 1
0, =0 +a S, (Y- hg(x(i)))><J.(’) for every { L
} = Oix=olful )l A Ix.y
ASCYCE LS

L‘—’_“\

Stochastic gradient descent 8.
Repeat until convergence{ 9"[9\/"'/ 3“]
for i=1...m { -
0; = 0; + a(y" — hs(X(i)))Xj(i) for every j
}
}

0 is updated each time a training example is read



Batch gradient descent

Repeat until convergence{
=0 +a X7, (YO —ho(x"))x) for every j

} i Wl o
- h 2
it , 0
. . —_— m 0
Stochastic gradient descent 5

L
Repeat until convergence{ 1]
for i=1...m {

0; = 0; + a(y" — he(x(i)))><1.(i) for every j

}
}

0 is updated each time a training example is read

» Stochastic gradient descent gets 6 close to minimum much
faster

» Good for regression on large data



Minimize J(#) Analytically

\(l )
The matrix notation

" () ),
m - (X(l))T - y(l)
— (x0T — o y®
)_<,: : Y= :
— (xtmyT — (m)

X is called the design matrix.



Minimize J(0) AnaIyticaIIy

R v 1 B
The matr|x notation 67" - 916>_3U\
272 = Z 2 Bﬁm 3 9;&)— o
teﬁlﬁ = (< T y®
— X(z))T — »ﬁ y@
B L ol IR FRF S L IE—

—_ G ‘) — (x(m) T _ (m) i(e,l @ cc))l
3 (b )" L= () k )

X is called the design matrix. The least square function can be

written as 1
1 \ T
0) Q(M_ (X0 —y)




Compute the gradient of Jf((%: 2/_/(&%_.3)7‘(@% _y)T

V0J(0) =V |50 - )T (X0~ )



Compute the gradient of J(0) :
1
Vo J(0) =V | 5(X0 —y)T(X0 —y)

Hint: (Ietx%ﬁ, Q + X) en

reRT
nxn

x.4elR", Qe 2 Ksp

1}

L) %(Q'x &)C&*-})

= 1 (<-4 )(ax-y)

1

1 (Adax- gax- xa3+3&)

\

$xXalax - Yo x iy

adex) _ w'en |, o
2% 22X




Compute the gradient of J(0) :

Vo J(6) =V |5(X0 ~ )T (X0 - y)



‘_df‘kb\i - +°’M V >
Compute the gradient of J(0) : e 5 e-y9)
(2 e
1 /
V0J(6) =i | 5X0 — ) (X0 )]
-—__\

=XTX0-XTy

Since J(0) is convex, x is a global minimum of J(6) when
VvJ(#) =0.




Compute the gradient of J(0) :

V0J(6) =i | 5(X0 ~ )T (X0~ y)

=(xT 2—)51}/_:0» g
6= (xTx) F

Since J() is convex, x is a global minimum of J(6) when
\WJ(0) = 0.

The Normal equation

0=(X"X)"tXxTy

—




Compute the gradient of J(0) :

1
VoJ(0) =Vo | 5(X0 —y) (X0 —y)
=XTX0-XTy
Since J(0) is convex, x is a global minimum of J(#) when
VJ(#) = 0. Xé'@_mw_ ~ 9:)(—(3‘

The Normal equation . érR""““ eb(’f%)")(T 4
o= (XTX)XTy

(XTX)™1XT is called the Moore-Penrose pseudoinverse of X



Which method to use?

gradient descent normal equation

iterative solution exact solution




Which method to use?

gradient descent normal equation

iterative solution exact solution

need to choose proper learning
parameter « for cost function

to converge ,S{'e,q)ed' GP.
|




Which method to use?

W .

(X))

C poth)

¥

A ( (b&l}"l.\
Pw‘m Ao W‘ff

gradient descent

1ssue (%T‘/\‘f'x:"_)

normal equation

iterative solution

. N
exact solution ', *

need to choose proper learning
parameter « for cost function
to converge

numerically _unstable when X
is ill-conditioned. e.g. features
are highly correlated




Which method to use?

gradient descent normal equation

iterative solution exact solution

need to choose proper learning | numerically unstable when X
parameter « for cost function | is ill-conditioned. e.g. features
to converge are highly correlated

works well for large number of
samples m




Which method to use?

gradient descent

normal equation

iterative solution

exact solution

need to choose proper learning
parameter « for cost function
to converge

numerically unstable when X
is ill-conditioned. e.g. features
are highly correlated

works well for large number of
samples m

solving equation is slow when

m is large



Minimize J(#) using Newton's Method

vt

Numerically solve for 6 in =:l

Newton's method
Solves real functions f(x) = 0 by iterative approximation:

_

» Start an initial guess x
Al BTEs A

» Update x until convergence




Minimize J(#) using Newton's Method
X € L ot Nth

Geometric intuition of Newton's method i tersdiow
At step n+ 1: > ﬂ)(,,\) Y= 7Ll(%)()< -Xa)# 7‘”»)
» Find tangent line of f at (xp, yn) X :/fi‘r_'\_) + X
> Xp41 < x-intercept of the tangent line 754
> Yni1 < F(Xps1) ¥ & X ) / (),

Y n "l +Cxa)




Newton's Method Demo

Funktion
e | Tangente

K<<l I> ] =]+

https://en.wikipedia.org/wiki/File:NewtonIteration_Ani.gif



Minimize J(#) using Newton's Method

Newton's method for optimization miny J(6)

Use newton's method to solve(VyJ(0) =0 :

> 0 is one-dimensional )
)




Minimize J(0) using Newton's Method Hession rabrix
H(e)

Newton's method for optimization ming J(6) _
Use newton's method to solve VyJ(#) =0 :

» O is one-dimensional:

- n— - - -
> 9 is multidimensional:

0=0-H'(0)VJ(0)

e ———

where H is the Hessian matrix of J(#).

a.k.a Newton-Raphson method
e



Newton's Method for Optimization

Initialize 0

While 6 has not coverged {
0:=0—H(0)VJIO)

} S




Newton's Method for Optimization

Initialize 0

While 6 has not coverged {
0:=0—H(0)VJIO)

}

Performance of Newton's method:

» Needs fewer interations than batch gradient descent



Newton's Method for Optimization

Initialize 0
While 6 has not coverged {
0:=0—H(0)VJIO)

—

}

Performance of Newton's method:
» Needs fewer interations than batch gradient descent

» Computing H™1 is time consuming

e



Newton's Method for Optimization

Initialize 0

While 6 has not coverged {
0:=0—H(0)VJIO)

}

Performance of Newton's method:
» Needs fewer interations than batch gradient descent
» Computing H™1 is time consuming

» Faster in practice when n is small



Maximum Likelihood Estimation
Consider target y is modeled as

y () = T 4 ()

and €\) are independently and identically distributed (1ID) to
Gaussian distribution A/(0, 0?)

—

26/48



Maximum Likelihood Estimation

Consider target y is modeled as
and €()) are independently and identically distributed (IID) to

Gaussian distribution A(0,02) , then

p(e) =

——



Maximum Likelihood Estimation .
(X5'9))

Consider target y is modeled as 6%

and €()) are independently and identically distributed (1ID) to
Gaussian distribution A(0,02) , then

:

(i) 1 e’ -
P = i@ 22 ) €
— Vo




Maximum Likelihood Estimation

Consider target y is modeled as

and €\) are independently and identically distributed (1ID) to
Gaussian distribution N'(0,0¢) , then

1 02\ 0= §row”
() = -
€ = €x
oy Pl V2mo? p( 20'2)
g Il
—_—

1 (y(D) — 9T x(1))2
V27102 202




Maximum Likelihood Estimation

The likelihood of this model with respect to @ is

o,

L(H)_py]XH Hp Ix():0)  due 4. ..




Maximum Likelihood Estimation

The likelihood of this model with respect to @ is

m

L(6) = p(71X:0) = [] p(y?)1x; 0)
i=1

Maximum likelihood estimation of 6:

OmLe = argmax L(6)
— 0



Maximum Likelihood Estimation

We compute log likelihood,

mex log L(0) =

E —Cc—

({




Maximum Likelihood Estimation

We compute log likelihood,

log L(0) = log H p(y|x: 9) = Z log p(yV|x(1; 6)




Maximum Likelihood Estimation

We compute log likelihood,

log L(0) = log H p(y|x: 9) = Z log p(yV|x(1; 6)




Maximum Likelihood Estimation

We compute log likelihood,

Then argmax, log L(0) = argmin, % S (D — 0T x(10)2

—mm




Maximum Likelihood Estimation

We compute log likelihood,

V2rg?  0? —
. . \
Then argmaxg log L(0) = argming 2 37, (y() — 9T x(D)2 . Losy u\aw“"

c L~ NL0, B?)
Under the assumptions on €()), least-squares regression corrgsponds
to the maximum likelihood estimate of 6. L[Q)
qmnlllwk st &= 6tV




Linear Regression Summary

How to estimate model parameters § (or w and b) from data?

» Least square regression (geometry approach)

» Maximum likelihood estimation (probabilistic modeling

approach)



Linear Regression Summary

How to estimate model parameters § (or w and b) from data?

» Least square regression (geometry approach)

» Maximum likelihood estimation (probabilistic modeling
approach)

Other estimation methods exist, e.g. Bayesian estimation



Linear Regression Summary

How to estimate model parameters § (or w and b) from data?

» Least square regression (geometry approach)
g‘l

» Maximum likelihood estimation (probabilistic modelin
approach)

Other estimation methods exist, e.g. Bayesian estimation
s e

How to solve for solutions ?

» normal equation (close-form solution)

> dient d t
gradient descen Z\S etive

» newton's method



[Logistic Regression|

32/48



A binary classification problem
( zfgf_l}}/ﬁ_'gya

Classify binary digits
— (0-2s%)

» Training data: 12600 grayscale : 28
images of handwritten digits

2020

ERTAPZNE

» Each image is represent by a vector
x() of dimension 28 x 28 = 784

> Vectors x{) are normalized to [0,1]

J———

Wl
VY 7}“’
e
1% kw”



A binary classification problem
Classify binary digits

» Training data: 12600 grayscale
images of handwritten digits

2020
ERTAPZNE 2

» Each image is represent by a vector
x() of dimension 28 x 28 = 784

> Vectors x{) are normalized to [0,1]

Binary classification: Y = {0,1}

» negative class: y() =0

» positive class: y() =1
—



Logistic Regression Hypothesis Function

Sigmoid function

g()=1+e,z

— -

» g:R—(0,1)
> g'(2) = 92) (- 9())

—

Y,

—

No5
o

0
-5

4 3 2 1 0 1 2 3 4 5

>3



Logistic Regression Hypothesis Function

Sigmoid function

» g:R—(0,1)
> 8'(2) = g(2)(1 - g(2))

No5
o

0
-5

4 3 2 1 0 1 2 3 4 5
z



Logistic Regression Hypothesis Function

Sigmoid function

1
8(2) =1 = 1
» g:R—(0,1) Zos
> g'(z) = g(2)(1 - g(2))
0-5-4-3-2-10 1 2 3 4 5
~~ -/
08 | [—g=2
\D/Oﬂ <06 —
S;’10.4 222'5
— =2
0.2
Hypothesis function for logistic %5 0 5
regression: 1 "
hg=g(0Tx) = ———
I B U



Review: Bernoulli Distribution

A discrete probability distribution of a binary random variable

x € {0,1}:
A ifx=1
p(.’i):{1—A ifx:O'L‘

T e G Sl

YRy '

Plneed = X
P ({:pi\) 5\17\

-




Maximum likelihood estimation for logistic regression

Logistic regression assumes y|x is Bernoulli distributed. N
— =

s Ip(y = 1| x:6) = ho(x) he (+
PL%H\>:—ip(y =0]x;0)=1— hyg(x) ’ )

—_—




Maximum likelihood estimation for logistic regression

Logistic regression assumes y|x is Bernoulli distributed.

> ply =1 xi6) = hy(x)
» p(y =01 x;0) =1— hyg(x)

Py | x:0) = (ho(x))” (1 = ho(x))' ™



Maximum likelihood estimation for logistic regression
Logistic regression assumes y]x is Bernoulli distributed.
» p(y =11 x;6) = hy(x
> p(y —0|x0)—1—h9x) /7
p(y | x;0) = (he — hg(x))* ™

e

Given m independently generated training examples, the
likelihood function is:

Y A ko) (Fhgt)
L(9) = p(71X:6) = [[ py P 1x1; 6)
i=1

1(0) = log(L(8)) = >y og hy(x) + (1 — ) log(1 — hy(x1"))

i=1




Maximum likelihood estimation for logistic regression

Logistic regression assumes y|x is Bernoulli distributed.

> ply =11 x:6) = hy(x)

[ ply=01x:6) = 1= hy(x)
Py | x:0) = (ho(x))” (1 = ho(x))' ™

Given m independently generated training examples, the
function is:

m
‘/ = p(y1X:0) = [[ (/" 1x1; 0)
i=1

1(0) = log(L(8)) = >y og hy(x) + (1 — ) log(1 — hy(x1"))

I(6) is concave! i=1 —




Maximum likelihood estimation for logistic regression

S Y
1) =3~ Y log ho(x?) + (1 ) log(1 — hy(x)) hetd)
=1

)

Solve argmaxg /(0) using gradient ascent:

d 9
'VLLGD R ;\ ) 4 (R hed)
£ > L(gj ?:\g k () ) 1=hg(x"” 3'8)

08 ) _= ~ ( 5 .
[ o 2y l-vmd Sg3hote')
ho )= (7 m L

2497 g[ﬁ - “9“‘“)’3 - (- tj“)hetx“)x"J
20)

= 967 “)(\ S(QT U)%)B_X/ = Z[‘ﬁ “ }\e(ﬁ) U—\‘) ))\e(Y )])9
= ho(< W l-he )XJ Y;) - 2} (9 = helx’ ))XJ

- —



Maximum likelihood estimation for logistic regression

10) = 3y log ho(x7) + (1 - y) log(1 — ho(x?)
i=1

Solve argmaxg /(0) using gradient ascent:

AIO) <~ (i N G
a6, = 2 (77~ mx) 5

Stocastic Gradient Ascent

Repeat until convergenceq
for i=1...m {
0, = 0; +aly? — ho(x"))x" for every jzl, -, .
— J

3 -

’ Vi)

» Update rule has the same form as least square regression, but
with different hypothesis function hy
<~



Binary Digit Classification

Using the learned classifier

Given an image x, the predicted label is

. 1 g(0™x)>05
y= -
0 otherwise

Binary digit classification results

‘ sample size ‘ accuracy

Training | 16200 100%
Testing 1225 100%

» Testing accuracy is 100% since this problem is relatively easy.
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Multi-class classification

Each data sample belong to one of k > 2 different classes.

YV={1,....k}

MNIST Samples

NEEINS

ﬂﬂm Gi\{en new s.ample x € Rk, predict
which class it belongs.
93959




Naive Approach: Convert to binary classification

One-Vs-Rest
Learn k classifiers hy,..., hg. Each h; classify one class against the
rest of the classes.

Given a new data sample x, its predicted label y:

y = argmax h;(x)

> Class 1
Class 2 00 ° ! oo
o
oo O Class3 .| o o [ o .
0 5 ~.0% o 0% 1 o -5
m} R0 % O ):l’oo
p~20° P O
> Sel o Lo 70
D> - [l - . o -
> 1 T > i >
hys

\ 4




Multiple binary classifiers
Drawbacks of One-Vs-Rest:

» Class unbalance: more negative samples than positive samples

» Different classifiers may have different confidence scales

Multiple binary classifiers

e [e) /
o
S fe) o
OA v
© .
~ S + o0 & Fille)
> )
S + + oA A
+ i A A
g 1+ ++ * ’r’I A A
+ A
3 - a b
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0



Drawbacks of One-Vs-Rest:
» Class imbalance: more negative samples than positive samples

» Different classifiers may have different confidence scales

Multinomial classifier

1.0

@
06 08
|

0.4

0.2

0.0

Learn one model for all classes!



Review: Multinomial Distribution

Models the probability of counts for each side of a
k-sided die rolled m times, each side with
independent probability ¢;

bt de=1
111
k:3,n:10 ¢= I:E’_?_:l

Probability Mass




Extend logistic regression: Softmax Regression

Assume p(y|x) is multinomial distributed, k = |)/|



Extend logistic regression: Softmax Regression

Assume p(y|x) is multinomial distributed, k = |)/|

Hypothesis function for sample x:

p(y = 1|x;0) . ef1 x
ho(x) = ' = —— | : | =softmax(8'x)

: k67 :
ply = kix:0)| 21877 |0l

e%

SOftmaX(Z,-) = W



Extend logistic regression: Softmax Regression

Assume p(y|x) is multinomial distributed, k = |)/|

Hypothesis function for sample x:

p(y = 1|x;0) . ef1 x
ho(x) = ' = —— | : | =softmax(8'x)

: k67 :
ply = kix:0)| 21877 |0l

e%

softmax(zj) = ———~
m X(Z) Zj-(:l e(zj)
— 91T _
Parameters: 6 =

_ng_



Softmax Regression

Given (x(), y(D) i =1,..., m, the log-likelihood of the Softmax
model is

() = Zogp 71x0); 0)
=2 e

k
H () = f|x(D)y HyO=ry



Softmax Regression

Given (x(), y(D) i =1,..., m, the log-likelihood of the Softmax
model is

0(0) = " log p(yx"; )
i=1
m k
=Y log [ p(y? = (D)1=
i=1 I=1

k
> 1y = 1} log p(y) = 11x7)

=1

I
INJERD

I
—

i



Softmax Regression

Given (x(), y(D) i =1,..., m, the log-likelihood of the Softmax
model is

0(0) = " log p(yx"; )
i=1
m k
=Y log [ p(y? = (D)1=
i=1 I=1

1{y® = I} log p(y!) = 1]x17)

I
s 1
M»

I
—

=1
o7 x()
. e
1Y =1tog ——r5

1 j=

I
13
M=

I
N
—
Il



Softmax Regression

Derive the stochastic gradient descent update:
» Find Vg,f(@)

m

Vo, l(0) = Z {(l{y(’.) =I1}-P (y(i) = /]x{); 9)) x(i)]

i=1



Property of Softmax Regression

» Parameters 61, .. .0, are not independent:
ij(y =Jjlx) = Zj¢j =1

» Knowning k — 1 parameters completely determines model.

Invariant to scalar addition

plylx; 0) = p(y|x; 0 — )
Proof.



Relationship with Logistic Regression

When K = 2,



Relationship with Logistic Regression

When K = 2,
1 et x
hG(X) = m Le{x]

_ | _ o |02 _|01—02
Replaceﬂ—[ez} with 0% = 6 [92]_[ 0 ]

1 e(91—92)TX
h X)= —"7&7"-—-—"7—
9( ) eGITX—QZTXJreoX eOTx
[ e(91_92)T><
— | 14e(01—62)Tx
1

_1+e(91*92)TX

r 1
| e | _ [ &0+ x)
! 1—g(0+"x)

C lte 1-0)7x



When to use Softmax?

» When classes are mutually exclusive: use Softmax

» Not mutually exclusive: multiple binary classifiers may be
better



