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Introduction

Today's Lecture

Unsupervised Learning (Part V)
» Mixture of Gaussians
» The EM Algorithm
» Factor Analysis
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Review

Review: k-means clustering

Given input data {x(1), ... x(M1 x() ¢ R? k-means clustering
partition the input into k < m sets Cy, ..., Cx to minimize the
within-cluster sum of squares (WCSS).

k
argmin S lx = will?

j=1 x€G
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Review

Review: k-means clustering

Given input data {x(1), ... x(M1 x() ¢ R? k-means clustering
partition the input into k < m sets Cy, ..., Cx to minimize the
within-cluster sum of squares (WCSS).

argmin Z D lx =l

Jj=1 xeq;

/v\
Lloyd’s Algorithm (1957,1982)

Let c() € {1,...,k} be the cluster label for x(/)

Initialize cluster centroids pi,...Hx € R” randomly
Repeat until convergencefq
For every i,
c(i) := argmin; ||x — pll?

i = 21’21 1{c0)=/}

|

‘ For each _j
|

R
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Review

Review: k-means clustering

Given input data {x(1), ... x(M1 x() ¢ R? k-means clustering
partition the input into k < m sets Cy, ..., Cx to minimize the
within-cluster sum of squares (WCSS).

argmin Z D lx =l

Jj=1 xeq;

Lloyd’s Algorithm (1957,1982)
Let c() € {1,...,k} be the cluster label for x(/)

Initialize cluster centroids pi,...Hx € R” randomly
Repeat until convergencefq

For every i,
‘ c) := argmin; Ix() — p;]|2 < assign x() to the cluster
‘ with the closest centroid
|
|

For each j
T 1{c(N=j}x()

M T =)
}
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Review

Review: k-means clustering

Given input data {x(1), ... x(M1 x() ¢ R? k-means clustering
partition the input into k < m sets Cy, ..., Cx to minimize the
within-cluster sum of squares (WCSS).

argmin Z D lx =l

Jj=1 xeq;

Lloyd’s Algorithm (1957,1982)
Let c() € {1,...,k} be the cluster label for x(/)

Initialize cluster centroids pi,...Hx € R” randomly
Repeat until convergencefq

For every i,
‘ c) := argmin; Ix() — p;]|2 < assign x() to the cluster
‘ with the closest centroid
|
|

For each j
. T 1{c(N=j}x()
MmN {O=j3

< update centroid

}
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Mixture of Gaussians

Mixture of Gaussians
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Mixture of Gaussians

Mixture of Gaussians ( GMM)

—_—

A “soft” version of k-means clustering.

[ ]
Train accuracy: 94.6
L]

Test accuraly; 7.4 ¢
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Clustering results of iris dataset using mixture of Gaussians
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Mixture of Gaussians

baddan \Lobjemecﬂ_
¢ _ 2———>>C.

Mixture models

Model-based clustering

A mixture model assumes data are generated by the following process:
1. Sample z() € {1,...,k} and z() ~ Multinomial(¢) 4

. \) d
p(z) = j) = ¢; for all j ( :

z() are called latent variables.

I<

2. Sample observables x() from some distribution p(x("), z():
P2, 20) = p(x2]2)p(zt")
T

.
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Mixture of Gaussians

Mixture models

Model-based clustering

A mixture model assumes data are generated by the following process:
1. Sample z() € {1,...,k} and z() ~ Multinomial(¢)
p(z) = j) = ¢; for all j

z() are called latent variables.

2. Sample observables x() from some distribution p(x("), z():
P2, 20) = p(x2]2)p(")

L N
Examples: Borns s 4

» Unsupervised handwriting recognition is a mixture with 10 Bernoulli
distributions

Yang Li  yangli@sz.tsinghua.edu.cn Learnin, g From Data



Mixture of Gaussians

Mixture models

Model-based clustering

A mixture model assumes data are generated by the following process:
1. Sample z) € {1,...,k} and z() ~ Multinomial(¢)

p(z) = j) = ¢; for all j

z() are called latent variables.

2. Sample observables x() from some distribution p(x("), z():

p(x?, 20) = p(x)|20)p(z))

Examples:

» Unsupervised handwriting recognition is a mixture with 10 Bernoulli
distributions

» Financial return estimation uses a mixture of 2 Gaussians for normal
situation and crisis time distribution
situatior
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Mixture of Gaussians

Mixture of Gaussians

Mixture of Gaussians Model:
z() ~ Multinomial(¢)
f(_')\jﬁlil N (s, X)) - T
How to learn ¢;, 1j and ¥ for all j 7

z() is known:  (x’ 27 ;;l

z() is unknown:
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Mixture of Gaussians

Mixture of Gaussians

Mixture of Gaussians Model:
z() ~ Multinomial(¢)
x0|z0) = j ~ N (), %)
Nz
How to learn ¢;, 1j and ¥ for all j 7
z() is known: (supervised) use maximum likelihood estimation
(quadratic discriminant analysis). @DA (&PA]
Iy, 2 Y =0
¢J_mzl{z —J}7 /i,‘/_ Z:’;ll{z(l):_/}

- i=1

T = O — ) )T
Z:,‘i1 1{z) = j}

R

z() is unknown:

Learning From Data
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Mixture of Gaussians

Mixture of Gaussians

Mixture of Gaussians Model:
z() ~ Multinomial(¢)
X020 = j ~ N(p, L))

How to learn ¢;, 1j and ¥ for all j 7

z() is known: (supervised) use maximum likelihood estimation
(quadratic discriminant analysis).

IS >, 1z =30

L= 14700 — - .

Mo, 129 = B0 — )W — )™
Z:,‘i1 1{z) = j}

Y =

z() is unknown: (unsupervised) use expectation maximization
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Expectation Maximization

Expectation Maximization
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Expectation Maximization

The EM Algorithm

g— 2 6/®~

The EM algorithm is an iterative method for maximum likelihood
estimation when the model depends on latent (unobserved) variables.

Log-likelihood of data:

m k
1(0) = Zlogp ZlogZp (x1, 2(1)
i=1 i

z(’):l

Main idea: iterate over two steps:
. . (l')
> Expectation (E) step : guess z' () for each K

» Maximization (M) step : update 9 via maximum likelihood
estimation based on guessed z{/
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Expectation Maximization

Generalized EM Algorithm

Listing 1: Generalized EM Algorithm

Initialize 6
Repeat untill convergence { 8 o
(E-step) For each i , set 9gue’’ 2z gwen X
Qi(z")y := p(z)|x(); 0) + Soft assignment:
posterior distribution z|x under 6
(M-step) Set

. (W) 50)-

— (A oo PO, 250)

0:= AT E E(.) Qi(z") log YE0) €))
1 z 1

+ Update parameter 0
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Expectation Maximization

Generalized EM Algorithm

Listing 2: Generalized EM Algorithm

Initialize 6
Repeat untill convergence {
(E-step) For each /i , set
Qi(zMy := p(z1)|x(); 0) + Soft assignment:
posterior distribution z|x under 0
(M-step) Set

(), (1)
0 := argmaxz Z Qi(z") log % )
2(1)
< Update parameter 0
¥

We will show...

» Solving (x) is equivalent to argmax, /(6)
— Equation (%) is a (tight) lower bound on log-likelihood /(0)
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Generalized EM Algorithm 20,13
eJ:ﬁ/«u;@S

J
Listing 3: Generalized EM Algorithm

Initialize 6
Repeat untill convergence {
(E-step) For each /i , set
Qi(z"y := p(z" x(i);g) < Soft assignment:
posterior distribution z|x under 0

(M-step) Set \T(G?/S)

NOEON
0= argmaxz Z Qi(z") log % ()
) 1

< Update parameter 0

}

We will show...

» Solving (x) is equivalent to argmax, /(6)
— Equation (%) is a (tight) lower bound on log-likelihood /(0)

» This algorithm converges.
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Expectation Maximization

Proof of Correctness: E-step

For each i/, let Q;(z) be a distribution of z:

> Qi(2)=1,Q(2) =0
zEZ
Define
J(Q ) zm: Z Q;(z(i))logw
i=1 Qi(Z(’))

zihez
Proposition 1
1. J(Q,0) is a lower bound on log-likelihood I(6))
2. This lower bound is tight when Q;(z()) = p(z()|x(); #)

(Hint: use Jensen's inequality)
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Expectation Maximization

Jensen’s Inequality

Theorem 1

Let f be a convex function, and let X be a random variable. Then

E[f(X)] = f(E[X])

Jensen's inequality for convex function
r 1 | I

e
E[f(x)]l-
fO)F- 3-- -\ - - == m o
f(E[x])

f()] = f(Elx])

(onceve

okF-----

clx E[x]
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Expectation Maximization

Jensen’s Inequality

Theorem 1
Let f be a convex function, and let X be a random variable. Then

E[f(X)] = f(E[X])

Jensen's inequality for convex function
r 1 | I

f(a)
E[f(x)] E[f(x)] = f(E[x])
) \/: |
FEXD— L

a E[x] lla
Remarks

1. Let f be a concave function, then E[f(X)] < f(E[X])
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Expectation Maximization

Jensen’s Inequality

Theorem 1

Let f be a convex function, and let X be a random variable. Then

E[f(X)] = f(E[X])

Jensen's inequality for convex function
r 1 | I

f(a)--
E[f(x)]l- E[f(x)] > f(E[x])
O 2
f(EIXJ)r—:—————L -
a E[x] b

Remarks

1. Let f be a concave function, then E[f(X)] < f(E[X])
—_— _—
2. When f(X) is a constant function, E[f(X)] = f(E[X])
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Expectation Maximization

Proof of Correctness

Proposition 1
1. J(Q,0) is a lower bound on log-likelihood 1(6)

L [T 62\‘ S
poct- ()= LgTRTE O s,
B PC X, 6)

:Zg(,w—)m

[o(‘ 17,6 )]

;2_ %) -9‘:L.Ql Q(i)

B Jenson's meaw‘ﬁ P25 0)

J _ p(x“i‘:s)} r Q)b 3 f
g__ [0('){ CHETE ) - ‘%l')é{ Q @53 )
FTN = Y

J@,9).

a6 is o lover bound 5 UO)

Learning From Data
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Expectation Maximization

Proof of Correctness 0.0 = P ]c";6)

Proposition 1 tecor distrbutio o2
1. J(Q,8) is a lower bound on log-likelihood 1(8) [° gwe~ *
2. This lower bound is tight when Q;(z\)) = p(z{)|x("); §) (g» y\e},)
Bvu*-i . Su,)fme MZ C v siyne conyfant C,
Q2 )

) x(i120,8)
O xe)s K

Sines 7? Qe =4, £ P(ﬂ"’»f*ii o)
J:‘ ¢ J=\ »
(= i})({t;)‘-tﬁ):‘j) G): [)[xw) 9)
el
s () = P()(’\'\) 1(.‘,} e) - P(%u‘} K[‘.’; 8)
g(i_> P[X (r\/. 0) 2!

0.
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Expectation Maximization

Proof of Convergence

Proposition 2
EM always monotonically improves the log likelihood, i.e. Let 6(!) be the
parameter value in the t-th iteration
/(g(t)) < /(9(t+1))
Pt | T poptiom 4GOS P75 6, J(@0Y = ¢V
b

In tha M-step,
Mz argmer T(EO0)
6.
Tren J(@fk)/ e&ﬂ)) > j(&m, em)
[g rb[:o.‘f‘ﬁuh 1,
7B = 3(a,6%") 2 Q8 = ((6Y)
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Expectation Maximization

EM for mixture of Gaussians

Gaussian Mixture Model
z() ~ Multinomial(¢)
(x[20)~ Ny, %)) & e 8

Learn parameters y,Y, ¢
E-Step: w”) = Q(z®) = j) = p(z® = jxV; 6,4, )
Per©sp 2D,

R e 3 %
=S PO TG PEEGS >
=1
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Expectation Maximization

EM for mixture of Gaussians

Gaussian Mixture Model bt - Vg, TBp D=0
z() ~ Multinomial(¢) ‘

- 52* zw,,'"(x”ﬁ»)(x )
X020~ Ny, %)) T

[
5
Learn parameters 1, ¥, ¢

E-Step: Vt/J-(i) = Qi(Z(i) =J)= P(Z(i) :f\X(i)? b, 1, %)

M-Step: Maximize o
NG
J(¢7M7 ) Z/ 12 1Ql( ) g% Wlth
respect toqﬁ ,uande V“)(” h ((L(,ch);
ASJ\AM—L w = Q (?;U" ) s O;vc»\
= 5 OIWTZ (2 D8
J($r.2)- ‘%Z,W“)‘a wn)((zn)llill AT Z )
- J
v ) IS |
: Zzw (ua(u)*lil) Sp) L o) 1oy’ 5}5>

\-’I\)I ® r.)
- IL\JD
0> ) (w 0. =) =
(;29}47_) 1w(2 S0M)* P (—3\’7)
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Expectation Maximization

Expectation Maximization for Gaussian Mixtures

Listing 4: EM for Gaussian Mixtures

Repeat untill convergence {
(E-step) For each /,j , set

w i= pla = jix0; 6,1, 5)
(M-step) Update parameters: assume ¢; =E[w;]

_ 15,0
Y= 2
p
o w0
o i
! m W/.”
2w O — ) (xD — )T

ZJ':

iy Wj(l)
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lllustration of EM steps
(0>

Expectation Maximization

2

=]

-2

-2 0 (e 2/ -2 0 (f) 2

J(;S,M)

Yang Li
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Expectation Maximization

Comparison with k-means clustering

Listing 4: EM Algorithm Listing 5: (Llyod’s) k-means Alg.

Repeat untill convergence { Repeat untill convergence {
(E-step) For each i,j, (E-step)
W_/(L) E= p(z(i) :j\x(i);¢, w, X) = argmin HX(I) - /"j”2

-

For every i,

(M-step) Update parameters:

. (M-step) Update centroids:
o oy Ab m ()
ROTIES w;

™ 2i=1 For each j
i P CUS F1),.08
Y IS O =7y
S ¥ ) e O M
o I i w.([)
i=1 "

Similar to k-means, Gaussian mixtures are also subject to local minimums.
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Factor Analysis

Factor Analysis
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Factor Analysis: Example

How much do you identify yourself with the following traits?

1-the least 9 --the most

talkative

distant

careless

hardwork

anxious

O O O O O O

kind

O O O O O

O

©O O O O O

O

O O O O O

O

O O O O O

O

©O O O O O

O

O O O O O O

Self-ratings on 32 Personality Traits

O O O O O O

=]

O O O O O O

Factor Analysis

Yang Li
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Factor Analysis

Factor Analysis: Example

harsh
criticl
opposng
contrar
©| carelss
disorgn
lazy
givinup
worryin
anxious
tense
shy
quiet
distant
withdrw
lax
easygon
relaxed
laidbck
respnsi
organiz
persevr
hardwrk
discipl
talkaty
outgoin
sociabl
agreebl
coopera
approvn
kind
friend|

harsh
criticl
opposng
contrar
carelss
disorgn o0
lazy °
givinup O olo[e|® ole
worryin
anxious
tense
shy
quiet
distant
withdrw
lax oo
easygon
relaxed
laidbck
respnsi
organiz
persevr
hardwrk
discipl
talkatv
outgoin 0
sociabl
agreebl
coopera | ¢ D
approvn
kind
friend| D

0
oo

>

0.6

ole[é

0.4

0.2

@/e[e®
oe/o]e

0000

0ooR000

Pairwise correlation plot of 32 variables from 240 participants
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Factor Analysis Terminology

» observed random variables x € R” .«
R L I3
x=pH{lzte
» factor z € R¥ is the hidden (latent) construct that “causes’ the

observed variables

» factor loadings A € R"™<k : the degree to which variable x; is
“caused” by the factors

> 1, € € R" are the mean and error vectors

w .

Factor Analysis
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Factor Analysis Terminology

» observed random variables x € R"
x=p+Az+e€

» factor z € R¥ is the hidden (latent) construct that “causes” the
observed variables

» factor loadings A € R"** : the degree to which variable x; is
“caused” by the factors

> 11,€ € R" are the mean and error vectors Wy
2¢elR™

Matrix of factor loading A for personality test data

variable factor 1  factor 2 lfactor 3 factor 4

Tdistant ) 0.59 0.27 0 0
talkative -0.50 -0.51 0 0.27
careless 0.46 -0.47 0.11 0.14
hardworking -0.46 0.33 -0.14 0.35

kind -0.488 0.222 0 0

\_/'\/“—J

Factor Analysis
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Factor Analysis

Factor Analysis: Example

Visualize loading of the first two factors

(o] -
o ] ©organiz
respngjiscipl quiet
hardwrk g sthmtthdl
g | «Rgrsevr istan
N coopey: criti .
= eebl a%mge
] — approv?? 48 g}gpﬂaidbc'(
= © givinup
L N friendl opp! r
o lax
lazy
—iggsiabl
© talkaty carelss
Q disorgn
| I [ [ I I I
-0.6 -0.2 0.2 0.6

Factor1

Yang Li  yangli@sz.tsinghua.edu.cn Learning From Data



Factor Analysis: Example

Visualize loading of the first two factors, rotated to align with axes

E

Factor2
0.2

-0.2

-0.6

ardwrkdjiscipl
| evr

respnsi

— organiz

f”e”déppromc

et “lerise

&ociabl ) withdrw]
i e
n givinup
. (ezy)
| |
-0.5 0.0 0.5
Factor1

Factor Analysis
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Factor Analysis Model N(é))lj

[Z}

H— X
Observed variables: x € R” E—_\
Latent variables: z € R (k < n) )\)(o,\k\)" A
The factor analysis model defines a joint distribution p(x,z) as
z~N(0,1)
e~ N(0, E
x=p+NAz+e

where W € R"™" is a diagonal matrix, ¢, 4 € R", A € Rnxk

Factor Analysis

Yang Li
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Factor Analysis Model

Observed variables: x € R"
Latent variables: z € R¥ (k < n)
The factor analysis model defines a joint distribution p(x,z) as

¢ mdspendats
GSsume 2, i z ~ N(0,1)
. e~ N(0,V)
x=p+Nz+e

where W € R"™™" is a diagonal matrix, ¢, 4 € R", A € Rnxk

Given observations xB, ..., x(m | how to fit the parameters u, A, W ?

-~ —_— -

Factor Analysis

Yang Li
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Factor Analysis

The EM Algorithm

Rubin, D. and Thayer, D. (1982). EM algorithms for ML factor analysis.
Psychometrika, 47(1):69-76.

Listing 6: EM for Factor Analysis

Initialize pu, AW
Repeat untill convergence {
(E-step) For each /i , set
Qi(2") == p(z0|x; 4, A, W) « 7 is a continuous variable
(M-step) Set
(D, 20; p, A, W)

SN\, W = argmax Qi(zM) 1o & d dz() )
LR i 2; 2(0) () log Qi(z)
Ja,6)
- l
¢
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Factor Analysis

The EM Algorithm

Rubin, D. and Thayer, D. (1982). EM algorithms for ML factor analysis.
Psychometrika, 47(1):69-76.

Listing 7: EM for Factor Analysis

Initialize u,\, W
Repeat untill convergence {
(E-step) For each /i , set
Qi(z1) == p(2D|x"; 4, A, W) « 7 is a continuous variable
(M-step) Set
p(x,20); 1, A, W)

W\, W= a;g;\n“z:xz Qi(z(i))log YED) dz() ()
First, we need to write p(z()|x()) and p(x(), z())in terms of the model
P\e 1

parameters.
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EM Derivations 2 ~ }j¢0,1) «~N(0,\D)
X = [uw /\g+2

It can be shown that random vector{ |- ./\/(/LZX, ) where f1,, =

211 ia;(
and ¥ = [/\ A/\T_i_w} #ﬂ »

E(K].—‘ ‘ Groel: Tind Zttzzix,
E[E]?o. Da2* 1.

o s Ef (BN BV = E[2 (- 4]

Factor Analysis

B

2 E[21
« &1,

o. po =ELZ */\Zfi/f/)]

Z%x = ANTxY

\

=~ E [%m'r]
Ele)ar+ E[227]

et ER)EE).
Z0 .

1

IAT=NT
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Factor Analysis

EM Derivations

It can be shown that, random vector Lj ~ N (fizx, L) where ji,, = [2}

/ /\T}

and > = [/\ AT + ¥

E-Step
The posterior distribution z(i)|x(i) ~N (,uz(,»‘x(;), ZZ(;)‘X(;))

Hoz i) |x () = /\T(/\/\T + \U)_I(X(i) _ M)
oo =1 = AT(MT +W)7IA
Fa "’ _— X Z) _ ,-4! 2’ z(l Z'Z
c e an )&:[)Q\ %NN(/M/ I/'A_[[“L]/ - .Z"' 2
i ”N[/“‘uuz'p) whete e = A+ 3,2 (Fam ),

Zlh_ = 71,— iuiz:r) z?,\ .
Yal X,
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Factor Analysis

EM Derivations

It can be shown that, random vector LZ(] ~ N (fizx, L) where ji,, = [2]

/ /\T}

and > = [/\ AT + ¥

E-Step
The posterior distribution z()|x() ~ A/ (12005 Z o010

Hoz (i) |x () = AT(ANT + W)~ 2(x() — 1)

oo =1 = AT(MT +W)7IA
Qi(Z(i)) = p(z(l)|X('),M,/\,\U)

1

1 _— ;
=—F—————exp (—5(2(') = B <)) 7:,(;1)|X(,->(Z(') - Mz<f>|x(f))>
(2m) |0 40 — —
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Factor Analysis

EM Derivations

M-Step

(X() Z(),u,/\ v)

() *

argmax / Q,(z( i)

AW =1
Note that

(M), (). .
 @atog 2 ’Z_< iy o

—EZNQ[Iogp(X( 200, 1, A, W) + log p(217) — log Qi(z1))]

—
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Factor Analysis

EM Derivations

M-Step

argmax Qi(z |o dz() *

ug,/\,\ll . 1/ g Q( (')) N_( )
Note that

p(x, 200, ALY

/ Qi(z") log Q) dz"

= E.q[log p(x"21); u, A, W) + log p(z1") — log Qi(21")]
() is equivalent to l

argmaxZEz( N~q [log p(xD12D; A, W)]
wAY 2

—
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Factor Analysis

EM Derivations

M-Step (con’t)

argmax > Eoinqllog p(x1720; 1, A, W) (k)
W =il

Since x = p1 + Az + € and € ~ N(0, V)

x|z~ N+ Az, W)
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Factor Analysis

EM Derivations

M-Step (con’t)

argmax > " ELoqllog p(xP|z; A, W) (k)
W =il

Since x = p1 + Az + € and € ~ N(0, V)

x|z~ N+ Az, W)

p(x727; A, W)

1 1, i G [
— g o (50— = ATV — -2

We can maximize (%*) with respect to y, A and W
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Factor Analysis

Factor Analysis Discussions

Comparison with Mixture of Gaussians

» Mixture of Gaussians assumes sufficient data and relative few
response variables. i.e. when n = m or n > m, ¥ is singular
K-, Xe

Sﬁwv\fh )l'u_y_V\ >
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Factor Analysis

Factor Analysis Discussions

Comparison with Mixture of Gaussians

» Mixture of Gaussians assumes sufficient data and relative few
response variables. i.e. when n = mor n > m, ¥ is singular

» Factor Analysis works when n > m by allowing model noise ¢
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Factor Analysis

Factor Analysis Discussions

Relationship to PCA

» Both PCA and factor analysis can find low dimensional latent
subspace in data
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Factor Analysis

Factor Analysis Discussions

Relationship to PCA
» Both PCA and factor analysis can find low dimensional latent
subspace in data
» PCA is good for data reduction (reduce correlation among observed
variables)
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Factor Analysis

Factor Analysis Discussions

Relationship to PCA
» Both PCA and factor analysis can find low dimensional latent
subspace in data
» PCA is good for data reduction (reduce correlation among observed
variables)

» Factor analysis is good for data exploration (find independent,
common factors in observed variables)
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Factor Analysis

Factor Analysis Discussions

Relationship to PCA

» Both PCA and factor analysis can find low dimensional latent
subspace in data

» PCA is good for data reduction (reduce correlation among observed
variables)

» Factor analysis is good for data exploration (find independent,
common factors in observed variables)

» Factor analysis allows the noise to have an arbitrary diagonal
covariance matrlx while PCA assumes the noise is spherlcal

Additional readings

» Zoubin Ghahramani and Geoffrey E. Hinton, The EM Algorithm for
Mixtures of Factor Analyzers, 1997
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Factor Analysis

Next Lecture

Semi-Supervised Learning
» Semi-supervised SVM
» Graph-based semi-supervised learning SFeHrml (Lw-twfnj

» Deep semi-supervised learning

No WAb5. Please focus on your final project!
The class on Dec 31st will be PA5 discussion, project Q&A and group
study
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