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Today's Lecture

Supervised Learning (Part II)
» Discriminative & Generative Models
» Gaussian Discriminant Analysis

> Naive Bayes






Two Learning Approaches SV
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Classify input data x into two classes y € {0, 1}
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Discriminative Learning Algorithms .‘\ o ® >
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A class of learning algorithms that try to learn the . .. A ®e
conditional probability p(y|x) directly or learn . 0..\‘. .
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> e.g. linear regression, logistic regression, k-Nearest Neighbors
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Generative Learning Algorithms °® ® : °
A class of learning algorithms that model the - % : °
joint probability p(x,y). - p(+14)7(4) ° ...o ®
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» Equivalently, generative algorithms model p(x|y) and p(y)
» p(y) is called the class prior

» Learned models are transformed to p(y|x) later to classify
. 1l —_
data using Bayes' rule

Bayes Rule
The posterior distribution on y given x:

p(x|y)p(y)

p(ylx) = o(x)



Bayes Rule
The posterior distribution on y given x:

p(xly)p(y)

p(ylx) = p(x)

Make predictions in a generative model:

o (vl) — arsPEYIPLY)
ygp(yl ) L

= argp(x|y)p(y)
y

No need to calculate p(x).



Generative Models

Generative classification algorithms:
» Continuous input: Gaussian Discriminant Analysis

» Discrete input: Naive Bayes



Gaussian Discriminant Analysis




Gaussian Discriminant Analysis: Overview

T Lineor Di3trimine b anclysis (LDA) Z.=Z;X
Goal Quedzty Dogmmest onalysy ZQ_#Zz

Binary classification with input in X = R" and label in ) = {0,1}

Main steps
1. Select a data generating distribution .

(y)~ Bernoulli(¢) " 1)=5 (7(3:@37/“ #
X|y =0~ N(M07\Z),X|y;7:/1 ~ N(,ul,‘\Z))
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2. Estimate model parameters ¢, 1o ,u1 and ¥ from training
[ data. o
3. For any new sample@ predict its label by computing
plylx = X" ¢, po, i1, X)
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Multivariate Normal Distribution

Multivariate normal (or multivariate Gaussian) distribution
N(p, X)

» 1 € R" is the mean vector,

» ¥ € R"" is the covariance matrix. ¥ is symmetric and SPD.

Density function:
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Multivariate Normal Distribution

Let X € R" be a random vector. If X ~ N(u,X),

‘E[X] :/p(X;ﬂaz)dXZN
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Cov(X) =E [(X ~EXN(X -EX)T| =%



Gaussian Discriminative Analysis

==l 1

Diagonal entries of £ controls the “spread” of the distribution




Gaussian Discriminative Analysis

- F‘Nﬂ T [olﬁoﬁ == [0:.18 0i8]

The distribution is no longer oriented along the axes when
off-diagonal entries of ¥ are non-zero.



Gaussian Discriminant Analysis (GDA) Model

Given parameters ¢, o, p1, 2,

y ~ Bernoulli(¢)
Xly =0~ N(po, X)
Xly =1~ N(u,X)

Probability density functions:

ply) =¢'(1— )

1 1 Te_1
p(xly =0) = —e(_i(X—MO) ¥~ (x—po))
( ‘ ) (27r)n/2 |Z‘1/2
p(xly =1) = 1 (=3 (x—p1) "= (x—p1))
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(27)"? |Z|1/2



Log likelihood of the data: ( « /") (x 77
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Log likelihood of the data: ( s A Ax =T
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Log likelihood of the data:
/((b? Ho, 11, z) = |°gHP(X(I)7Y(I)y (ba Ho, 11, z)
i=1

= log [ [ p(xV1y; o, 11, £)p(y; 6)
i=1

Maximum likelihood estimate of the parameters:
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Maximum likelihood estimation of GDA
GDA finds a linear decision boundary at which
ply =1|x) = p(y = 0x) = 0.5
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GDA and Logistic Regression

p(y = 1|x; ¢, po, 1, ) can be written in the form:
a

AT
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GDA and Logistic Regression

p(y = 1|x; ¢, po, 1, ) can be written in the form:

1

ply =1|x; 0, X, o, p1) = 14 e0x

where
X1

0— [01] _ . (o — 1) = |
0] — |log 52 — 3(ud T po — pd T )| Xn
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|
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GDA and Logistic Regression

p(y = 1|x; ¢, po, 1, ) can be written in the form:

1
ply =1|x; 0, X, tio, 1) = 14 e0Tx
where
x1
0— {01] _ . (o — 1) = |
0] — |log 52 — 3(ud T o — pd =) | Xn
1
. - e v
imilarly, |
N 1
ply =0[x; ¢, %, po, 1) = 110~

If p(x|ly) ~ N(u, X), p(y|x) is a logistic function.



GDA and Logistic Regression

GDA
» Maximizes the joint likelihood []7, p(x(), y())
» Modeling assumptions: x|y=b ~ N (up, X), y ~ Bernoulli(¢)

» When modeling assumptions are correct, GDA is
asymptotically efficient and data efficient

Logistic Regression
» Maximizes the conditional likelihood T]7; p(y()|x(1)
» Modeling assumptions: p(y|x) is a logistic function; no
restriction on p(x)
» More robust and less sensitive to incorrect modeling
assumptions.



Naive Bayes



Naive Bayes: Motivationg Example

A simple generative learning algorithm for discrete input variables

Example: Spam filter (document classification)

Classify email messages X to spam ( = 1) and non-spam (y = 0)
classes. — R -
| Hello

| We need to confirm your info...

| (1) FINAL MESSAGE: Payout Verification - $3000 PAYOUT is ready to be addressed in your
Name and we want to be sure it gets to the nght place. Click below to start the confirmation
process. The sooner you act, the sooner it can be in your hands!

Raging Bull Casino

A sample spam email



Example: Spam Filter

Binary text features
Given a dictionary of size n, represent a

message composed of dictionary words
as x € {0,1}™

_J1 i-th dictionary word is in message
I 0 otherwise

a
aardvark

casino
payout

zyzzyva
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Naive Bayes Model

Probability of observing email xi, ..., x, given spam class y + <

p(x1, s xnly) = pxaly)pCely: x1), s p(xalys xa, - s X0-1)

L - -

Naive Bayes (NB) assumption

x;'s are conditionally independent given y:

x,jXL-- ,Xi-1) = p(xily),

pOxt, - xaly) = POaaly)p(ely) ... pOly) = T ] p(xily)



Naive Bayes Parameters

Multi-variate Bernoulli event model
x|y generated from n independent Bernoulli tria/s

p(x,y) = p(y)p(xly) = p(y HP(X:D/

» y ~ Bernoulli(¢y,) : assume email class (spam vs no-spam) is
randomly generated with prior p(y) = )T oy(1 - ¢y)1 yﬁ)
> x,|y b~ Bernou/l/(cb,‘y b), b= 1—2 given y = b each
word xj is included in the message independently with
(X, = 1|y = b) %b' ie.

Plxo=21Y= o) = ¢{(W .
p(xily = b) = ¢|y b( — ily=p)"
A )

Model parameters: L akieney w8 s

~y) 7

> ¢i|y:17¢i\y:0 for i :,]:LLLLH 2Nt




Naive Bayes Parameter Learning

Likelihood of training data (x(l),y(l)), e (x(’"),y(’")):

el
7 7 m

L(¢y7 qu\y:O’ ¢j|y:1) = H p(X(i)7y(i))
Maximum likelihood estimation of parameters:

b= Zl{y =1} % of spam emails
L T #7 s/)[vv(%/%&[/
T s D = 1,0 = b}
Db = TS L0 = by

% of spam(non-spam) emails containing jth dictionary word

forb=1,0



Naive Bayes Prediction

Given new example with feature x, compute the posterior
probability

p(xly =1)p(y =1)
p(x)
p(xly = L)p(y =1)
p(xly = 1)p(y = 1) + p(x|y = 0)p(y = 0)
[T, p(xily = 1)p(y = 1)
[Ty pxily = Dp(y = 1) + [1iZ; p(xily = 0)p(y = 0)

pyAlaz 1y=oH

ply = 1)x) =

Choose label y =1 (spam) if p(y = 1|x) >(T where T € [0,1] is a
threshold .. e.g. T =0.5

T tradeoff between wrongly blocked non-spam ( FPs) vs. wrongly
blocked spams (FNs).
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Laplace smoothing T
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Issue with Naive Bayes prediction:

> Suppose word x;)hasn’t been seen in the training data,

¢j‘y:1:O»: ;ZJ‘I:]:O‘ \
wand
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Focall 423-.m, 4 {y'=b 4=0
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Laplace smoothing

Issue with Naive Bayes prediction:
» Suppose word@hasn’t been seen in the training data,

Djly=1 = Pily=0 =0

» Can not compute class posterior p(y = 1|x) = %_

“”“77L> Py=1]€) = Iig_z?g%ﬂﬂl>6a:ﬂ)

pAGIPER] m;gww)

—_ f; / 1-Xy
gan 2y, [ B (A
N Xy
- ij,;/:i([" 7é/')7:|>
= 0

Tharefore  Ply=1 1X)= _o%—



Laplace smoothing

Issue with Naive Bayes prediction:
> Suppose word x; hasn't been seen in the training data,
Pjly=1 = Djly=0 =0
» Can not compute class posterior p(y = 1|x) = %.
a. |
Laplace smoothing
Let z € {1,... ,@} be a multinomial random variable. Given m
independent observationsm likelihood
estimation of ¢; = p(z —_j) with Laplace smoothing is
— — Eemaww Nodue Beye
y . HE - YUY =D T oy, s ko2
T - @
meke sue the

> ¢j 7& 0 for all § h?GAGd %Of i =4 "o((umﬂtﬁ "7

ord s
k /nencd IS;L,(ES
1 2.=1 pj=1 mggmboamﬁ n




Naive Bayes with Laplace smoothing

Apply Laplace smoothing to ¢;),—, for b € {0,1}

YU =10 = )G 1)
A R

In practice we don't apply Laplace smoothing to ¢, = p(y = 1),
which is greater than 0. -




Naive Bayes and Multinomial Event Model

Alternative text representation

> X € {1 -, K} where K is the dictionary size
- —
> Represent email of n words as x = {xl, .. @ o (ergfh of 4he
me;:c\}q
LEsese
"a free gift..." — {x1 = 1,x2 = 1300,x;3 = 2433,...}
dictionary id | 1 | 2 \ .| 1300 \ .| 2433 ] ..
word ‘C)‘aa . ‘@ ‘ gift ‘



Naive Bayes and Multinomial Event Model

Multinomial event model
» first sampling y € {0,1} from p(y)

y ~ Bernoulli(¢y)

» Select x1,x2, ..., X, independently from the same Multinomial
distribution p(x,-|X) 55#/1:5‘

@]y =bnr~ Multinomial(@|y:b, L , OK|y=b), b=0,1
[ - wor‘tl o
@:—,)J: p(xj = kly = b) for all j € {1,...,n} iz\dn""""’a’
¢
For any word k in the dictionary, ¢y, is the probability of k)

appear in an email given email class y PLXy -~ ’f”) y)
» Joint probability: p(xi,...,Xp,y) = p(y),H&l p(x,-\y)}
_/—/_’—,ﬂ,\' —

/\/E 4110\"‘-/'""-'«



Multinomial event model parameters
o of werd V\pmexmﬁx(dow matte() |, i A\m’ﬂ‘)"%

Assume P(@Z@y) is the same for all j Ly g
e L
> Gry=1 =POG)=Kly =1) for k=1,.... 7k | 2kt pacmetars
> Gkly=o = ()= kly =0) for k=1,....nK/)

Likelihood of training set (x(1), y(M) ... (x(m) y(m)).

L(¢y7 ¢k\y:0’ d)k|y 1 H p x*\’“ m@n[)%a

— @ ,.g&"\

A
—l_Ipx1 ,...%,y())

TR A PO iy )
—Hp Ry HP(XJ Ny bugy— Puly=0: xiy=1)

i=1 j=1 N\

T
k (/”?’” Priy=s
where n; is the # words in the i-th email. ‘ L

¢1‘l7;° 4. =1



Maximum likelihood estimation with Laplace smoothin
N - A)'oy\l)«
MXJ“:q"y_I]‘ g##*‘”’“ i 2

1 & ,
> oy = - E 1{y() =
mrmr‘
a

Z, 1(2 -1 l{X =@, y\) = 1} +D . w;; T;iﬁm
Z  H{y® =1}n; +@
>m l{x =k, y() =0}+1

21:1 1{y() =0}n; + K
K is the dictionary size.

> Orly=1 =

> Pyly—0 =

@ Bemumu/i NB

@ Mukomial NE.
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